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ABSTRACT 

An  investigation  has  been  made  of  the  precision 
involved  in  the  principal  manual  methods  of  integrating 
chromatographic  (and  other)  peaks.  The  height -width  tech¬ 
nique  was  examined  theoretically  and  it  is  shown  that  there 
are  four  independent  sources  of  indeterminate  error: 
placing  the  base  line,  measuring  the  peak  height,  obtaining 
an  intermediate  height  and  measuring  the  width.  A  theore¬ 
tical  examination  was  also  made  of  the  perimeter  methods  of 
integration,  i.e.  planimeter  and  cutting  and  weighing.  Both 
these  methods  have  errors  arising  from  placing  the  base  line, 
tracing  the  peak  outline,  obtaining  a  reading,  and,  for  cut¬ 
ting  and  weighing  there  is  an  additional  error  due  to  vari¬ 
ability  of  the  paper  density.  In  general  these  independent 
errors  for  the  three  techniques  depend  on  peak  shape  and 
peak  area.  The  relative  error  in  area  decreases  with  increa¬ 
sing  peak  area.  In  most  cases  there  is  an  optimum  peak 
shape  which  gives  minimum  error. 

As  part  of  the  experimental  examination  of  the  popular 
height-width  integration  technique  the  observational  or 
reading  error  that  accompanies  the  measurement  of  the  distance 
between  two  lines  has  been  evaluated  with  the  aid  of  a  large 
group  of  persons  with  relatively  uniform  background  and 
instruction.  Not  surprisingly  the  minimum  error  occurs  when 
measuring  between  parallel  lines,  and  with  the  group  involved 
in  this  study  the  standard  deviation  of  this  measurement 
using  a  high  quality  scale  was  0.008  cm.  As  the  angle  between 
the  lines  and  the  direction  of  measurement  decreases  toward 
zero,  reading  error  increases.  In  general,  the  reading 
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error  at  any  angle  a  was  0.008  (l+cot&)0,5. 

For  other  than  parallel  lines  (angles  less  than  90°), 
small  vertical  displacements  of  the  measuring  scale  result- 
ingfrom  the  error  in  positioning  increases  the  total  error 
still  further.  It  was  concluded  that  for  small  angles  the 
total  error  due  to  positioning  and  reading  is  approximately 
double  the  reading  error  alone. 

The  experimental  investigation  of  the  error  expression 
developed  for  the  height -width  technique  was  made  by  having 
large  numbers  of  appropriately  instructed  persons  make 
measurements  on  idealized  Gaussian  peaks  of  varying  shape. 
Three  of  the  four  basic  errors  occurring  in  the  method  were 
isolated  and  the  standard  deviations  (taken  as  measure  of 
the  indeterminate  errors)  were:  error  in  placement  of  the 
base  line  about  0.010  cm;  in  measurement  of  height  from  the 
base  line  about  0.012  cm;  and  in  positioning  of  a  measuring 
instrument  at  an  intermediate  height  about  0.021  cm.  The 
fourth  basic  error  is  in  the  measurement  of  peak  width  and 
depends  on  the  angle  of  slope  of  the  sides  of  the  peak.  The 
relation  between  reading  error  and  angle  of  inclined  lines 
was  investigated  earlier.  The  validity  of  the  error  expres¬ 
sion  originally  derived  on  theoretical  grounds  for  the 
height-width  integration  method,  was  established  by  substi 
tution  of  the  experimental  values  of  the  basic  errors  in  the 

error  expression  and  comparison  with  the  errors  obtained 
by  direct  use  of  height  and  width  values. 

The  experimental  results  show  that  the  optimum  peak 
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shape  for  peaks  of  a  given  area  has  a  ratio  of  height  to 
width-at -half -height  of  about  3  to  5.  For  a  Gaussian  peak 
of  15  cm2  area  the  standard  deviation  at  this  optimum  is 
about  0.5  percent.  For  peaks  of  a  given  shape  the  relative 
error  in  area  decreases  according  to  the  square  root  of  the 
peak  area.  For  peaks  of  a  given  height  the  error  decreases 
with  increasing  width  up  to  a  limiting  value  of  about  3  to  k 
cm  Width.  In  general,  peaks  should  be  recorded  so  that  peak 
height  is  near  the  maximum  allowable  by  the  chart  paper  and 
so  that  the  width  is  about  3  to  4  cm. 

The  use  of  peak  height  alone  was  also  examined,  theore¬ 
tically  and  experimentally.  Comparison  of  the  peak-area  and 
peak-height  methods  shows  that  in  terms  of  indeterminate 
errors  peak  height  is  a  much  more  precise  measurement  technique. 
Because  of  this  inherently  better  precision,  control  of  deter¬ 
minate  errors  is  worthy  of  intensive  effort. 

The  error  expression  developed  for  the  height-width 
technique  was  used  to  examine  the  effect  of  variations  in  the 
value  of  r,  the  fractional  height  at  which  the  width  is 
measured,  on  the  precision  of  the  determination  of  area.  The 
optimum  fractional  height  at  which  to  measure  peak  width  was 
shown  to  depend  on  peak  shape.  In  general,  sharp  Gaussian 
peaks  should  be  measured  for  width  close  to  the  base  line, 
and  flat,  broad  peaks  should  be  measured  close  to  the  commonly 

used  half  height.  In  practise  a  single  fractional  height  is 
desirable.  If  a  full  range  of  smooth  Gaussian  peaks  is 
normally  encountered,  then  the  best  single  value  of  r  to 
choose  is  0.25. 
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CHAPTER  I .  INTRODUCTION 

The  measurement  of  the  area  under  a  Gaussian-,  or 

/ 

near  Gaussian-,  shaped  peak  is  a  common  operation  in  a  modern 
laboratory.  In  particular,  such  measurements  form  a  major 
part  of  gas  chromatographic  analyses  and  in  a  typical  iso¬ 
thermal  analysis  the  peaks  may  vary  from  sharp,  thin  spikes 
near  the  beginning  of  the  analysis  to  peaks  so  broad  as  to 
be  almost  indistinguishable  from  the  base  line  at  the  end  of 
an  analysis.  This  thesis  .  originated  out  of  studies  in  pro¬ 
grammed  temperature  gas  chromatography,  which  includes  among 
its  advantages  the  production  of  peaks  of  nearly  constant 
peak  shape  throughout  the  whole  analysis.  It  is  therefore 
possible  that  all  components  of  a  given  sample  could  be  eluted 
as  peaks  having  an  optimum  shape  for  area  measurement. 

Many  factors  affect  the  precision  and  accuracy  of  inte¬ 
gration  of  the  area  under  a  peak,  and  a  number  of  theoretical 
and  experimental  studies  have  been  reported.  Several  of  these 
have  involved  comparisons  of  different  methods  of  measuring 
peak  areas,  and  others  have  been  associated  with  studies  of 
the  overall  precision  of  the  chromatographic  process.  Janak1 
compared  the  accuracy  of  various  integration  methods  including 
the  height  times  width,  planimeter,  and  cutting  and  weighing 
techniques.  Few  details  were  given  concerning  the  experimental 
approach  used  to  make  the  comparison  and  only  general  descrip¬ 
tion  and  results  were  presented.  An  excellent  theoretical 
discussion  of  measuring  Gaussian  shaped  chromatographic  peaks 


-2- 


in  terms  of  the  peak  standard  deviation  a  was  made  by 
Bartlet  and  Smith2 .  A  few  years  later  the  International 
Conference  of  Benzole  Producers3,  involving  nine  European 
laboratories,  made  an  assessment  of  the  precision  in  measur¬ 
ing  peaks  by  height  only,  height  times  retention  distance  and 
height  times  width  at  half  height.  Each  laboratory  used 
their  own  equipment  and  operating  conditions  to  analyse 
samples  of  two  previously  prepared  unkown  mixtures.  Said 
and  Robinson4  studied  the  uncertainty  in  the  computed  peak 
area  resulting  from  an  uncertainty  in  the  peak  height  measure¬ 
ment  and  hence  the  optimum  height  at  which  to  measure  peak 
width  in  order  to  minimize  the  uncertainty  in  error.  Condal- 

i 

Bosch5  discussed  several  aspects  of  peak  area  integration  by 
the  manual  methods  and  for  non-Gaussian  peaks  suggested  that 
width  measurements  made  at  two  fractional  heights  of  the 
peak  (0.15  and  O.85)  he  averaged  and  the  resulting  mean  value 
should  be  used  in  calculating  area.  The  first  attempt  to 
study  the  precision  of  the  manual  measurement  techniques  as 
separate  from  instrumental  and  operational  variations,  was 
done  by  Scott  and  Grant? "  These  workers  submitted  reproductions 
of  original  chromatograms  to  ten  laboratories  where 
measurements  were  made  according  to  a  standard  procedure.  A 
similar  approach  to  the  problem  of  precision  in  measurement 
was  used  in  the  present  study.  Within  the  last  few  years 
Andreev  and  coworkers7  published  a  report  which  discussed  in 
general  terms  the  various  peak  measurement  methods.  It  was 
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suggested  in  this  work  that  peaks  widths  could  be  measured 
as  high  as  0.75  and  0.9  of  the  peak  height.  (Chapter  6 
indicates  that  this  would  be  poor  advice.)  Finally  ,  McNair 
and  Gill  considered  the  sources  of  error  in  the  overall  gas 
chromatographic  process  in  addition  to  a  discussion  of  the 
errors  involved  in  manual  area  measurements  methods  as  com¬ 
pared  to  the  automatic  or  mechanical  and  electrical  Integra- 

I 

tion  techniques. 

This  thesis  is  devoted  to  a  consideration  of  precision 
and  hence  of  the  indeterminate  errors  and  their  relation  to 
peak  shape,  that  occur  in  the  principal  manual  methods  for 
integrating  Gaussian  peaks:  measurement  of  height  and  width 
at  some  fraction  of  height,  use  of  a  planimeter,  and  cutting 
the  peak  and  weighing  the  paper.  The  last  two  techniques 
have  certain  similarities  in  that  they  both  depend  on  tracing 
the  perimeter. 

A  comparison  is  also  made  in  this  thesis  between  the 
peak  area  and  peak  height  methods  of  retrieving  quantitative 
data  from  a  chromatogram. 

As  Harris  and  Habgood  pointed  out9 ,  the  precision  in  an 
area  measured  for  a  chromatographic  peak  by  the  height -width 
method  depends  on  the  precision  with  which  the  height  and 
width  of  the  peak  can  be  measured.  As  long  as  the  relative 
error  of  these  two  measurements  is  favorable,  that  is,  the 
absolute  values  for  the  height  and  width  are  large,  then  the 
precision  in  area  will  be  good.  Conversely,  peaks  having  a 
small  absolute  value  for  either  height  or  width  will  have 
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areas  measured  with  poor  precision. 

The  precision  in  an  area  measured  for  a  chromatographic 
peak  by  either  the  planimeter  or  the  cutting  and  weighing 
method  depends  on  the  precision  with  which  the  peak  peri¬ 
meter  can  be  traced.  Both  methods  will  involve  some  degree 
of  wandering  from  the  perimeter  during  the  tracing  operation. 
For  a  given  degree  of  wander  during  the  tracing  operation  the 
precision  in  area  will  be  best  for  peaks  of  minimum  perimeter. 
Conversely,  the  precision  in  area  will  be  poor  for  either 
sharp  or  flat  peaks,  both  of  which  have  large  perimeters. 

In  other  words,  under  isothermal  conditions  both  rapidly 
eluted  and  strongly  retained  gas -chromatographic  sample  com¬ 
ponents  have  undesirable  height- to-width  ratios.  At  some 
retention  value  an  optimum  shape  for  area  determination  is  to 


be  expected. 
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CHAPTER  2.  HEIGHT-WIDTH  METHOD 

The  measurement  of  peak  area  by  the  height -width 
method  requires  four  separate  operations  and  measurements. 

First  a  base  line  under  the  peak  must  be  located  and  drawn. 

There  will  be  an  error  associated  with  this  operation  the 
standard  deviation  of  which  we  will  designate  AB.  Next  the  peak 
height  h  is  measured  from  this  base  line.  The  standard 
deviation  of  the  error  for  this  operation  is  designated  Ah. 
Third,  the  position  of  an  intermediate  height  is  located. 

This  intermediate  height  y  is  chosen  to  be  some  fraction  r 
of  the  total  height  h,  that  is,  r  =  y/h.  The  standard 
deviation  of  the  error  in  locating  the  position  of  y  is 
designated  Ay.  Finally,  the  peak  width  wr  is  measured  at 
the  position  y.  The  standard  deviation  of  this  measurement 
is  designated  Aw.  Each  of  the  four  basic  measurement  errors 
is  illustrated  in  Figure  1. 

The  area  is  calculated  from  the  measured  values  of 
h  and  wr  according  to  the  formula 

A  =  Crhwr  [l] 

where  is  a  constant  for  a  given  r.  The  value  of  is 
given  by4 

Cr  '  121 

The  enlarged  portion  of  Figure  1  shows  that  an  error 
in  the  establishment  of  the  intermediate  height  y,  even  though 
due  to  an  error  in  height  measurement  or  base  line  placement, 
introduces  an  error  in  the  determination  of  width.  If  this 
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Figure  1  Schematic  diagram  of  a  Gaussian  peak  showing  errors 
associated  with  measurements  of  peak  height  and  width. 
The  encircled  portion  illustrates  the  relation  between 
an  error  in  the  intermediate  height  y  and  the  error 
in  peak  width,  w. 
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error  in  y  is  6y  (where  the  symbol  6  is  used  to  distinguish 
from  the  error  Ay  arising  in  the  actual  measurement  of  y) , 


then  the  resultant  error  in  the  overall  width  is 

6w  =  6y 


[3] 


Each  of  the  four  basic  errors  will  contribute  to  the 
error  for  the  calculated  area  of  a  peak.  The  total  effect 
of  these  four  sources  of  error  is  obtained  by  adding  them 
in  a  statistical  sense. 


Error  in  placing  the  base  line 

The  error  in  determining  the  base  line  affects  the 
area  directly  through  the  value  of  h  and  indirectly  through 
the  value  of  w  ,  used  in  Equation  1.  The  direct  error  in  h  f rom  this 
source  is  equal  to  AB.  The  value  of  w^  is  affected  according  to 
Equation  3*  by  the  error  in  y  that  results  from  the  base¬ 
line  uncertainty  AB.  This  error  arises  in  two  ways.  For 
example,  placing  the  base  line  too  low  (Figure  2)  will  result 
in  an  error  in  h,  6h,  equal  to  AB  and  will  cause  the  inter¬ 
mediate  height  to  be  measured  from  too  low  a  position.  For 
this  reason  the  value  of  y  will  be  too  small  by  an  amount  AB, 
that  is,  will  contain  an  error  -AB.  On  the  other  hand,  the 
measured  value  of  h  is  too  large  by  an  amount  AB,  and  hence 
the  distance  y  to  be  marked  off  will  be  large  by  the  amount 
rAB.  Thus  the  error  in  y  directly  resulting  from  this  error 
AB  in  the  base  line  is  given  by 

6yB  =  -AB(l-r) 


[4] 


* 
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Figure  2  Schematic  diagram  of  a  Gaussian  peak  indicating  the 
error  caused  in  the  intermediate  height  for  height- 
width  measurements  due  to  the  base  line  being  drawn 
too  low  by  an  amount  AB. 
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If  the  base  line  were  drawn  too  high  by  an  amount 
AB,  the  errors  in  h  and  y  would  be  -AB  and  +AB(l-r). 

The  area  is  affected  by  the  errors  in  the  values  of 


height  and  width  according  to  the  general  relationship 

a  «  dA  ,  dA  r  _  -i 

AA  =  -stt  6w  +  6h  [5] 


Or,  in  relative  terms,  a  combination  of  Equations  1  and  5 


yields 


AA 

A 


6w  6h 
wr  +  h 


[6] 


If  Equation  4  is  substituted  in  Equation  3  the  error  in 


width  due  to  the  base-line  uncertainty  AB  is 

6w  =  *AB(l-r)(|^)rh 

From  the  Gaussian  formula  expressed  by 


[7] 


w  =  2a (2  In  h/y) 


_i 

2 


[8] 


where  a  is  the  standard  deviation  of  the  Gaussian  curve. 


the  partial  derivative  of  Equation  7  can  be  obtained: 

/  Sw.\  —  7^2"  a  ^ 

'dy'rh  ~  rh ( In  1/r ) 2 


[9] 


Substitute  Equations  7#  8,  and  9  in  Equation  6, 
noting  that  is  equal  to  +AB  in  this  case,  and  the 
expression  for  the  relative  error  in  peak  area  arising  from 


AA 


B- 


base-line  uncertainty  (—j— )  becomes 


A 


A 

AB 
h  L 


'  ( 1-r) 

+  2rlnXl7ry 


[10] 


Error  in  measurement  of  height 

Error  in  measuring  height  also  affects  the  area,  both 
directly  through  the  value  of  h  and  indirectly  through  the 
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value  of  w  used  in  Equation  1.  The  argument  here  is 
similar  to  that  used  for  the  base-line  error,  with  the 
important  exception  that  now  the  base  line  is  assumed  to 
be  established  and  we  are  concerned  only  with  the  measurement 
of  height  from  this  base  line.  Hence  the  error  carried  into 
the  y  determination, 6y^,  is  rAh,  compared  with  -AB(l-r) 
in 'the  previous  case.  As  a  consequence,  through  Equations  3, 


;  AA 

8,  and  9  the  expression  for  the  relative  error  in  area  (— ) 

due  to  an  error  in  the  height  measurement  is 


Ah  f,  1 

h  L1  2  In  l/r_ 


[11] 


Error  in  the  measurement  of  intermediate  height 

t 

Since  the  height  h  is  now  established,  the  error 

incurred  in  measuring  the  intermediate  height  y  can  affect 

the  area  only  indirectly  through  the  value  of  w  used  in 

Equation  1.  Hence  in  this  instance  6h  in  Equation  6  is 

equal  to  zero.  By  the  arguments  previously  presented,  the 

resulting  expression  for  the  relative  error  in  peak  area 
AA 

(— due  to  an  error  in  measuring  the  intermediate  height 


y  =  -Ay 

A  2  rhln  1/r 


is 


Error  in  the  measurement  of  width 

The  error  arising  in  the  measurement  of  the  width  w 

affects  the  area  only  directly  through  the  value  of  w  used 

AA 

/  w  \ 

in  Equation  1.  Thus  the  relative  error  m  peak  area  (— ) , 
as  a  result  of  an  error  in  the  width  measurement,  is 


[131 


_ w  _  Aw 

A  "  wr 

Total  error  in  peak  area 

The  four  basic  errors  arising  from  the  measurement 
operations  are  independent  and  will  add  as  variances.  The 
total  relative  error  in  peak  area,  therefore,  is  expressed  by 


AA 

A 


AA 


W\  2 


+  (-^) 


[14] 


Sources  of  measurement  errors 

In  general,  the  independent  errors  described  in  the 
preceding  section  may  be  related  to  one  or  more  of  the 
following: 

1.  Deciding  where  to  draw  the  base  line  or  between  which 
points  to  make  measurements.  The  uncertainty  here  arises 
from  irregularities  in  the  recorder  trace. 

2.  Correctly  placing  the  ruler  vertical  to,  or  parallel  to, 
the  base  line  as  required  in  the  particular  operation. 

3.  Correctly  observing  the  reading  of  the  ruler  in  relation 
to  the  points  at  which  measurements  are  made. 

All  irregularities  in  the  recorded  trace  may  be  treated 
as  noise  and  may  conveniently  be  divided  into  high-  and  low- 
frequency  noise.  High-frequency  noise  has  a  period  that  is 
short  compared  with  the  width  of  the  peak.  There  is  then 
some  possibility  of  smoothing  the  trace  before  making  measure¬ 
ments.  Low-frequency  noise  has  a  period  that  is  long  compared 
with  peak  width  and  is  an  erratic  base-line  drift. 
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The  precision  with  which  the  base  line  can  be  drawn, 
and  hence  the  magnitude  of  AB,  depends  on  both  the  high-  and 

the  low-  frequency  noise.  High-frequency  noise  requires 
smoothing  the  base  line  on  either  side  of  the  peak  and 
thereby  introduces  an  uncertainty.  Low-frequency  noise  or 
base-line  drift  means  that  the  true  base  line  is  less  likely 
to  be  a  straight  line  between  the  limiting  wings  of  the  peak. 

The  precision  with  which  the  peak  height  h  can  be 

! 

measured  from  the  chosen  base  line  depends  on  the  noise  in 
the  region  of  the  peak  maximum.  In  particular,  that  noise 
with  a  frequency  comparable  to  the  peak  width  limits  the 
precision  in  locating  the  true  peak  maximum.  In  addition, 
the  precision  in  measuring  the  height  depends  on  the  proper 
placement  of  the  ruler  and  on  the  error  incurred  in  the 
measurement  observation  or  reading  of  the  ruler. 

The  precision  with  which  the  intermediate  height  y 
can  be  located  depends  upon  the  proper  vertical  and  horizontal 
placement  of  the  ruler.  In  addition,  there  will  be  an  error 
in  reading  and  marking  off  the  required  distance  and  then  an 
error  in  placing  the  ruler  for  the  width  measurement  at  the 
indicated  value  of  y.  Some  compensation  of  errors  may  occur 
in  these  last  two  steps.  Note  that  the  operation  of  locating 
the  intermediate  height  from  the  established  base  line  is 
independent  of  noise  that  may  be  present  in  the  peak  trace. 

The  precision  with  which  the  peak  width  wr  can  be 
measured  depends  on  the  ruler  being  placed  parallel  to  the 


- 
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base  line.  In  addition  there  is  uncertainty  in  locating 
the  true  sides  of  the  peak  under  noise  conditions.  High- 
frequency  noise  is  of  primary  significance  here.  Even  without 
noise  there  is  error  in  reading  the  ruler. 

Finally,  sharp  peaks  present  a  special 
problem  in  regard  to  noise.  The  existence  of  all  but  the 
highest-frequency  noise  in  the  trace  of  sharp  peaks  is 

I 

virtually  lost  to  the  observer.  Therefore,  whether  the 

! 

height  and  width  (and  thus  the  area)  or  just  the  height  of 
the  sharp  peak  is  being  measured,  the  results  appear  deceptively 
precise.  As  already  noted,  the  merging  of  peaks  of  any  shape 
with  noise  of  similar  frequency  becomes  a  problem.  However, 
with  peaks  of  flat  or  even  of  intermediate  shape  the  operator 
is  usually  aware  of  interfering  noise  and  can  interpret  the 
results  accordingly.  This  may  not  be  possible  with  sharp 
peaks  that  give  the  appearance  of  being  ideally  Gaussian. 

Reading  error 

Reading  error  arising  out  of  the  measurement  of 
distances  between  two  lines  is  inherent  in  all  measurement 
operations  except  base-line  placement.  It  therefore  warrants 
close  examination. 

The  various  measurement  operations  may  each  be  considered 
to  involve  measuring  the  distance  between  two  lines  with  a 
ruler--in  the  case  of  h  and  y  between  two  parallel  lines  and 
in  the  case  of  w  between  two  inclined  lines  with  the  slopes 
decreasing  as  the  peak  becomes  flatter. 
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A  minimum  value  of  the  reading  error  would  be  expected 
when  measuring  the  distance  between  two  well-defined  parallel 
lines.  The  error  would  increase  to  infinity  as  the  angle 
between  the  lines  and  the  ruler  decreased  from  90°  to  0°. 

This  would  be  analogous  to  measuring  the  widths  of  symmetrical 
peaks  varying  in  shape  from  sharp  to  flat. 

It  is  shown  in  Chapter  4  that  the  uncertainty  Am  for 

0u 

a  measurement  between  sloping  lines  each  of  which  forms  an 
angle  a  with  the  ruler  is  a  function  of  a  and  the  minimum 
value  of  the  reading  error  Am  according  to 

Am  =  Am(l  +  cot2 ) ^  Cl5] 

a  CL 

Equation  15  is  used  to  relate  the  observational  error  in 
the  width  measurement  to  the  observational  error  associated 
with  the  height  measurement. 

Noting  that 

cot  a  =  i  [16] 

2  uy 

and  using  Equation  9,  we  obtain  for  a  Gaussian  curve 


,  a2  o.5 

Ain  =  Am(  1  +  -  ) 

r3h3 (2  In  l/r) 


[17] 


The  limiting  case 

Under  ideal  conditions  of  noise-free  Gaussian  peaks 
a  minimum  error  in  area  will  form  the  observational  error 
arising  in  each  measurement  operation.  This  therefore  cons¬ 
titutes  the  limiting  case  in  area  determination  by  the  height - 
width  method.  The  minimum  error  in  measuring  h  is  equal  to 
Am,  and  the  minimum  error  in  measuring  wr  is  given  by  Equation 


. 
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17 .  It  is  assumed  here  that  both  the  minimum  error  in  base¬ 
line  placement  and  the  minimum  error  in  locating  the  intermediate 
height  are  equal  to  Am. 

Making  appropriate  substitutions  for  the  various  terms  of 
Equation  l4  leads  to  the  following  expression  for  the  total 
relative  error  in  peak  area  for  the  limiting  case: 


AA 

A 


(1-r) 

2r  In  1/r 


f  +  fAm^r-L  _  1  f  -Am 

J  h  '  L  2 In  1/rJ  +L2rhln  1/r 

Am  (1+ - — - )0'5 

+  T _ A2(21nl/r)  7s 

^2c(21n  1/r)0,5  ^ 


[18] 


which  may  be  rearranged  to  the  more  simplified  and  general 
expression 


AA 


AAm 


-iJE 


1- 


(1-r) 


-,2 


2rln  1/rJ  +L'L  2 In  1/rJ  ^L^rln  l/r_ 


1 


2 


+ 


-1 


-,2  _ 


+ 


Liw  I 


+ 


l6r2(ln  l/c 


i 


H9] 


The  four  terms  under  the  square  root  sign  refer,  as  before, 
to  the  four  errors  AB,  Ah,  Ay,  and  Aw. 

By  use  of  Equation  19  the  quantity  AA/AAm,  which  is 
the  relative  error  in  area  per  unit  observational  error,  can 
be  calculated  for  various  situations.  For  example,  with  a 
particular  value  of  r,  the  fractional  height  at  which  the 
width  is  measured,  and  a  given  peak  area  A,  it  is  possible  to 
calculate  this  relative  error  as  a  function  of  peak  shape  h/w, 
since  h  and  wf  are  related  to  the  area  through  Equations  1 
and  2.  In  Figure  3A  the  relative  error  AA/AAm  is  plotted 


4 
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100  10  1  0.1  10  1  0.1  0.01 

PEAK  SHAPE,  h/wi/2 

Figure  3  Relative  error  per  unit  of  observational  error  as 
a  function  of  peak  shape  for  the  limiting  case  of 
Equation  19.  The  curves  in  A  are  for  peaks  of  1,  10, 

100,  and  1000  cm2  area,  whose  widths  are  measured  at 
0.5  of  the  peak  height.  The  measurement  errors  AB, 

Ah  and  Ay  are  assumed  to  be  equal  to  Am  and  the 
measurement  error  Aw  is  assumed  to  be  equal  to 
Am(l+cot  a).  In  B,  C,  D  the  solid  lines  are  reproduced 
from  part  A  and  *the  broken  lines  illustrate  the  effect 
on  relative  error  when  base-line  uncertainty  AB  increases 
with  increasing  peak  width  according  to  Equation  20  and 
k  equal  to  1  and  10. 
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against  h/wi  for  r  equal  to  0.5  and  various  values  of  the 
■2 

peak  area.  The  ordinate  scale  is  reversed  so  that  the  sharp 

chromatogram 

(early)  peaks  in  an  isothermal/ are  to  the  left.  For  each 

peak  area  the  relative  error  is  a  minimum  at  some  optimum 

peak  shape — in  this  case,  at  h/wi_  equal  to  2  to  3. 

2 

The  preliminary  experiments  indicated  a  value  of  Am 
of  or  a  little  below  0.01  cm  for  careful  observers.  Taking 
Am  to  be  0.01  cm  means  that  the  numerical  values  of  the  ordinate 
in  Figure  3  may  also  be  interpreted  as  the  actual  percentage 
error  in  area  AA/A. 

Increasing  base-line  uncertainty  with  increasing  peak  width 

So  far  the„  base-line  uncertainty  AB  has  been  considered  to 
be  the  same  for  peaks  of  all  widths.  As  already  noted,  the 
base-line  uncertainty  will  increase  with  an  increase  in  low- 

frequency  noise  and  base-line  drift.  It  might  be  expected  that 

any  particular  low-frequency  noise  would  give  an  increase  in 

base-line  uncertainty  as  peaks  broaden.  It  is  suggested  that  the 

uncertainty  might  increase  according  to  the  square  root  of  the 

peak  width,  and  that  a  suitable  function  for  AB  might  be 

AB  =  AB°(1  +  k/w7)  [20] 

2 

where  k  is  a  constant  and  wi  is  the  peak  width  measured  at 

"2 

half  height. 

The  limiting  case  where  AB°  is  equal  to  Am  in  practice 
might  correspond  to  a  chromatogram  with  negligible  short-term 
noise  but  some  low-frequency  noise  or  drift. 

Assigning  a  value  of  10  to  k,  for  example,  and  taking 
AB°  equal, to  0.01  cm  would  mean  that  a  peak  with  a  width  at 
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half  height  of  15  cm  would  have  a  AB  value  of  about  0.3  cm, 
which  is  approximately  1%  of  the  base  width.  Substituting 
Equation  20  in  Equations  10  and  19  produces  the  broken  curves 
of  Figure  3. 

Figures  3B,  C,  and  D  illustrate  the  profound  effect 

that  increasing  base-line  uncertainty  (Equation  20)  has  on  the 

errors  for  areas  of  1,  10,  and  100  cm2.  Flat  peaks  (low  h/wi_ 

2 

values)  are  affected  to  the  greatest  degree.  In  addition, 
these  three  parts  of  the  figure  show  that  the  optimum  peak 
shape  becomes  sharper  as  the  parameter  k  increases. 

Relative  importance  of  the  individual  measurement  errors 

Figure  4  shows  the  relative  importance  of  each  of  the 
four  measurement  errors  AB,  Ah,  Ay,  and  Aw  for  the  limiting 
'conditions.  In  parts  A,  B,  and  C  of  Figure  4  the  relative 
error  in  area  per  unit  observational  error  is  given  for  each 
measurement  error  assumed  to  be  present  by  itself,  that  is, 
all  of  the  other  terms  in  Equation  19  are  assumed  to  be  zero. 
The  relative  error  in  area  due  to  the  error  in  measuring  the 
width  is  of  considerable  importance  for  sharp  peaks.  This 
importance  diminishes  as  the  peak  flattens  and  then  increases 

at  the  point  where  the  observational  error  of  reading  between 

« 

the  sloping  peak  sides  begins  to  increase  dramatically  (see 
the  Aw  curve  of  Figure  4) . 

The  other  errors  AB,  Ah,  and  Ay  are  comparatively 
unimportant  for  sharp  peaks.  As  the  peaks  flatten,  however, 
the  relative  errors  in  area  due  to  these  three  quantities  rise 
markedly,  particularly  that  due  to  base-line  uncertainty  AB. 


. 


* 


. 
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PEAK  SHAPE,  h  /  w  y 


Figure  4  Individual  and  relative  contributions  of  the 

four  measurement  errors  AB,  Ah,  Ay  and  Aw  to  the 

relative  error  per  unit  of  observational  error  as  a 

function  of  peak  shape  for  the  limiting  conditions 

of  Equations  19  and  20.  In  A,  B,  C  the  solid  lines 

show  the  relative  error  due  to  each  of  the  four 

measurement  errors  if  each  were  to  be  the  only 

measurement  error  present;  the  broken  lines  show  the 

effect  of  AB  increasing  with  peak  width  according  to 

shows  the 

Equation  20.  D  /  relative  importance  of  each  measure¬ 
ment  error  to  the  overall  error,  that  is,  each  squared 
term  in  Equation  19  expressed  as  a  percentage  of 
the  total  relative  error  for  the  limiting  case.  The  base¬ 
line-placement  error  AB  is  assumed  .independent  of  peak 
width  (k  ’=  0) . 
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The  increase  in  relative  error  due  to  AB  is  even  more 
pronounced  when  allowance  is  made  for  the  functional  increase 
in  base-line  uncertainty  of  Equation  20.  The  broken  curves 
of  Figures  4A,  B,  and  C  illustrate  this  effect  for  k  equal 
to  1  and  to  10.  Since  the  curves  of  Figures  4a,  B,  and  C 
apply  to  any  value  of  Am,  they  may  be  used  to  calculate  the 
terms  in  Equation  19  for  cases  in  which  the  individual  errors 

i 

AB,  Ah,  etc.  are  different  from  Am. 

Finally,  considering  again  the  total  expression  for 
AA/AAm  used  in.  Figure  3*  Figure  4d  shows  the  relative 
importance  of  each  squared  term  as  a  percentage  of  the  total. 
Although  this  relationship  depends  upon  r  (Figure  4d  is 
only  for  r  =  0.5)  the  curves  are  independent  of  peak  area. 
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CHAPTER  3.  PERIMETER  METHODS 

Two  integration  methods,  cutting  and  weighing  and 
planimetry,  have  been  grouped  as  perimeter  methods  because  of 
their  basic  similarity.  Both  require  four  separate  operations. 
First  a  base  line  must  be  located  and  drawn  under  the  peak. 

The  standard  deviation  of  this  error  we  shall  designate  AB 
as  before.  Next  the  outline  of  the  peak  must  be  traced  or  cut. 
This  will  result  in  a  band  of  uncertainty  around  the  edge  whose 
area  is  equal  to  the  peak  perimeter  P  times  the  width  of  the 
band  designated  as  Am.  Third,  the  planimeter  or  balance  must 
be  read  with  a  reading  error,  of  standard  deviation 

AR.  Finally  the  peak  area  is  calculated  from  the  instru¬ 
ment  reading  according  to  the  formula 

A  =  fR  [21] 

where  R  is  the  planimeter  or  balance  reading  and  f  is  the 
necessary  conversion  factor.  For  cutting  and  weighing  only, 
variation  in  paper  thickness  is  equivalent  to  an  indeterminate 
error  in  f,  Af.  The  factor  f  will  be  implicit  when  a  calibra¬ 
tion  graph  is  used  to  express  the  instrument  reading  directly 
in  weight,  concentration,  or  percentage  units. 

The  value  of  f  is  obtained  from  instrument  readings 
of  known  areas  and  inaccuracies  arising  in  the  determination 
will  result  in  a  determinate  error  in  the  conversion  factor. 
This  determinate  error  in  f  should  not  be  confused  with 
indeterminate  errors  under  consideration  in  this  paper. 


. 
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Error  in  placing  the  base  line 

The  error  in  placing  the  base  line  is  essentially  the 

same  as  described  in  the  height-width  method.  For  perimeter 

methods  it  is  convenient  to  treat  this  error  as  a  narrow  strip 

of  length  6a  across  the 'bottom  of  the  peak  as  shown  in  Figure  5. 

AA 

The  relative  error  in  area  )  resulting  from  this  base-line 

uncertainty  can  then  be  expressed  as 


I 


AAg  AB6o 

A  ~  /2TTha 


6 
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Error  in  tracing  the  peak  outline 

The  error  incurred  in  tracing  or  cutting  the  peak 
perimeter  (Figure  5)  may  be  considered  as  the  area  of  a  band 
of  uncertainty  of  width  Am  around  the  perimeter  P.  Examined 
in  greater  detail,  as  indicated  at  the  bottom  of  the  figure, 
the  net  error  for  any  single  tracing  is  a  succession  of  small 
errors  which  will  partially  cancel  each  other  as  the  trace 
deviates  first  to  one  side  then  to  the  other  of  the  true  line. 
Consider  the  perimeter  as  divided  into  n  increments  each  of 
length  AP;  AP  is  taken  just  large  enough  that  the  direction 
and  magnitude  of  the  average  deviation  Arru  over  a  given 
increment  is  independent  of  that  of  the  preceding  and 
following  increments.  The  net  area  of  the  band  of  uncertainty 
around  the  perimeter  is  the  algebraic  sum  of  the  areas  of  all 
such  increments. 

^  Y  Am. 

AA  =  )  AP  Am,  =  nAP  -  -  ■  ■  ■  =  P  Ain  [  23] 

Z— i  i  n  d  v 


. 
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Figure  5  Schematic  diagram  of  a  Gaussian  peak  indicating 
the  errors  associated  with  perimeter  methods  of  peak 
integration.  Upper,  error  due  to  uncertainty  in 
base-line  placement.  Lower,  error  arising  from 
tracing  or  cutting  around  the  perimeter;  a  detailed 
view  of  the  tracing  of  a  section  of  the  perimeter  is 
shown  at  the  bottom. 
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Because  the  values  of  Ann  are  assumed  to  be  indeterminate 

and  hence  to  have  equal  probabilities  of  being  positive  or 

negative,  the  sum  of  all  values  of  Am.,  and  hence  also  Am 

r  av 9 

should  approach  zero  given  a  sufficiently  large  sample,  that 

is,  as  n  becomes  large.  For  the  finite  length  of  any  given 

perimeter,  Amav  may  considered  as  the  average  of  a 

limited  sample  n  drawn  from  an. infinite  population  the  average 

of  which,  would  be  zero.  We  are  interested  in  the  standard 

deviation  of  the  Am  values  that  would  be  obtained  by 

av  ° 

successive  repetitions  of  the  measurements  on  one  peak. 

Calling  this  standard  deviation  of  the  mean  Am  we  may  show 
by  the  usual  statistical  methods11  that  Am  is  inversely 
proportional  to  /n.  Since  n  is  proportional  to  P,  we  have 

Am  =  Am°//P  [  24] 

where  Am°  is  the  standard  deviation  of  the  mean  per  unit 
length  of  perimeter.  Substitution  Am  for  Amav  in  Equation  23 
and  expressing  the  error  relative  to  the  area  yields 

AAT  Am°/p  r os] 

A  “  A 

A  simple  approximation  to  the  perimeter  of  a  Gaussian 
curve  can  be  made  using  the  triangle  formed  by  drawing  tangents 
to  the  inflection  points.  The  base  width  of  such  a  triangle 
is  4a  and  the  perimeter  is  simply  the  sum  of  the  base  and  the 
two  sides.  Making  the  approximation  that  the  area  of  the 
triangle  equals  that  of  the  Gaussian  peak  leads  to  the  follow¬ 
ing  expression  for  the  perimeter: 
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p  =  4a  +  2/4  a2  +  (n/2)h2  [26] 

Combining  Equations  25  and  26  gives  the  expression 
for  relative  error  in  area  due  to  the  tracing  operation 


A  A 


A 


T  _  [4a  +  2/4a3  +  ( rr/2)h2  ]2  [Am°  ] 


/2rr  ha 


[27] 


Other  indeterminate  errors 

The  error  in  reading  the  instrument,  whether  planimeter 
or  balance,  is  in  part  analogous  to  the  observational  error 
Am  described  for  the  height -width  method.  The  relative  error 
in  area  resulting  from  the  instrument  reading  error  can  be 
expressed  simply  as 


AAR  _  AR 
A  “  R 


[28] 


•  The  magnitude  of  AR  is  unknown  and  will  involve  the 
tracer  arm  setting  of  the  planimeter,  type  of  balance,  etc. 

A  balance  is  inherently  so  sensitive  that,  particularly  for 
small  peaks,  AR/R  will  be  much  smaller  with  a  balance  than  with  a 
planimeter.  For  either  planimeter  or  balance,  the  value  of 
AR/R  is  independent  of  peak  shape  for  peaks  of  constant 
area. 

In  the  case  of  the  cutting- and-weighing  method  the 
error  due  to  non  uniformity  in  paper  thickness  must  also  be 
included  in  a  total  error  expression.  As  already  indicated, 
it  is  convenient  to  treat  this  error  as  an  error  Af  in  the 
conversion  factor  f.  By  arguments  directly  analogous  to  those 
used  in  the  development  of  Am  in  the  previous  section 


. 


. 
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Af  =  Af  °//A  [29  ] 

where  Af°  is  the  standard  deviation  in  the  calibration  factor 
as  it  would  be  determined  from  a  large  number  of  measurements 
of  separate  unit  weights  of  chart  paper.  This  gives  the 
relative  error  in  area  due  to  variations  in  paper  thickness: 


AAf  Af° 

~  I7K-  [30] 

The  magnitude  of  Af°  depends  only  on  variability  in  the 


paper . 


The  general  error  equation  for  perimeter  methods 

The  errors  due  to  base  line  placement,  perimeter 
tracing,  instrument  reading  and  paper  thickness  variation  are 
random  in  origin  and  occur  independently  of  each  other. 
Consequently  the  total  indeterminate  error  in  the  calculated 
area  of  a  peak  is  obtained  by  adding  their  variances.  For 
the  planimeter  method  the  total  relative  error  in  area  can  be 
written  in  general  form  as 


AA  _  / 

A  V 


AA-p  2  AA „  2 

=  /(^)  +  (-/)  +  ( 


AA 


R)2 


[  31] 


A  '  '  A  '  1  '  A 

The  total  relative  error  in  area  for  the  cutting  and 


weighing  method  can  be  written  as 


f\  2 


A  A  /  AA"R  2  ^A  2  AA"R  2  AA. 

^  =./(-/)  +  (-rh  +  (-^)  +  (  *' 


A 


A 


A 


) 


[  32] 


The  relative  magnitudes  of  the  individual  terms  are  much  less 
obvious  than  was  true  for  the  height -width  analysis  where,  at 
least  for  the  limiting  case,  all  errors  could  be  related  to 


< 
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the  basic  reading  error  Am.  For  a  further  analysis  of  the 
perimeter  errors  we  have  chosen  to  ignore  the  effects  of  the 
reading  error  AR  and  of  paper . thickness ,  Af.  These  effects 
are  independent  of  peak  shape  (although  not  of  peak  area)  and 
at  least  in  some  cases  should  be  minor.  By  considering  only 
AB  and  Am  we  arrive  at  a  simple  expression  for  investigating 
peak  shape  that  is  applicable  to  both  perimeter  methods. 


AA 

A 


AAr  2  A A™  2 

(-/)  +  {-£) 


A 
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Rewriting  Equation  33  in  terms  of  Equations  22  and  27 

gives 


AA  _  \/l8  AB2  [4a  +  2/bo3  +  fa/^jh2  ][Am°  ]2  h 
A  \J  tt  h^~  2rr  h2a2  ^ 

Figures  6A,  B,  and  C  are  plots  of  Equation  34  as  a 
function  of  peak  shape  for  peaks  of  1,  10  and  100  cm2  area.  In 
each  of  these  three  figures  the  base  line  uncertainty  AB  is 
assigned  the  same  value  of  0.01  cm  and  is  assumed  to  be  indepen¬ 
dent  of  peak  width.  Since  the  magnitude  of  Am°  is  unknown,  it 
is  assigned  values  ranging  from  0  to  0.1  cm  to  cover  all  cases 
of  practical  interest.  As  Am°  approaches  zero  the  second  term 
of  Equation  34  vanishes  and  in  the  limit,  the  relative  error 
in  area  is  that  due  to  base-line  placement. 

Figures  6a,  B  and  C  show  that,  depending  on  the  value 
of  Am°  other  than  zero,  optimum  peak  shapes  exist  for 
perimeter  methods.  For  all  three  areas  the  h/vii  value  for 
the  optimum  shape  decreases  (i.e.,  the  peaks  flatten)  as  Am 

It  appears  likely  that  the  optimum  shape  for  the 


decreases . 


* 
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Figure  6  Relative  error  as  a  function  of  peak  shape  for 

the  limiting  case  of  Equation  34  for  perimeter  methods. 
The  curves  in  A,  B  and  C  are  for  peaks  of  1 }  10  and 
100  cm2  area  with  various  values  of  Am°  and  base-line 
uncertainty  AB°  =  0.01  cm.  (Errors  due  to  instrument 
reading  and  paper  thickness  variation  are  not  included.) 
D  shows  the  effect  of  changes  in  base-line  uncertainty 
through  variation  in  both  AB°  and  k  of  Equation  20. 
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perimeter  methods  is  in  the  range  of  a  height-to-width  ratio  of 
from  one  to  ten.  Optimum  peak  shape  is  more  clearly  defined 
for  peaks  of  small  area  than  for  those  of  large  area.  In 
addition,  and  as  would  be  expected,  a  given  value  of  Am°  induces 
a  much  larger  relative  error  in  area  with  peaks  of  small  area 
than  with  peaks  of  large  area. 

Figure  6f  illustrates  the  effect  of  varying  base  line 
uncertainty  for  peaks  of  constant  area  (10  cm2)  with  a  unit 

i 

band  width  uncertainty  Am°  of  0.01  cm.  A  range  of  base-line 
uncertainties  both  with  and  without  an  increase  due  to 
increasing  peak  width  is  illustrated.  As  base  line  uncertainty 
increases  the  optimum  peak  becomes  sharper. 
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CHAPTER  4.  INDETERMINATE  READING  ERROR  ASSOCIATED 

WITH  SIMPLE  LINEAR  MEASUREMENTS 

The  recovery  of  data  from  recorder  chart  paper  often 
involves  measuring  distances  between  points  with  a  simple 
ruler.  This  is  the  case  when  the  area  of  chromatographic 

peaks  is  determined  by  the  height-width  integration 

I 

technique . 

In  the  course  of  studies  on  the  nature  of  indeterminate 
errors  in  the  height-width  technique  for  determining  peak 
areas,  it  became  necessary  to  obtain  an  estimate  of  the 
reading  or  observational  error  involved  in  simple  ruler 
measurements  .  That  is,  what  magnitude  of  error  results 
when  trained  observers  measure  the  distance  between  two 
parallel  lines?  In  addition,  and  in  a  manner  analogous  to 
the  width  measurement  of  a  chromatographic  peak,  what  magni¬ 
tude  of  error  is  incurred  when  measuring  between  two  lines 
that  slope  toward  each  other,  and  what  is  the  relation 
between  the  error  and  the  angle  of  slope?  The  answers  to 
these  questions  should  provide  estimates  of  the  minimum  error 
involved  in  direct  measurements  with  a  simple  ruler. 

In  most  practical  measurements  of  the  distance  between 
inclined  lines  the  correct  positioning  of  the  ruler  is  essential 
because  an  error  in  positioning  will,  of  course,  affect  ohe 
distance  observed.  So  that  the  error  due  to  ruler  position 
would  be  separated  from  the  reading  error  inherent  in  the 
measurement  itself,  most  of  the  measurements  reported  here 


. 
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were  made  under  conditions  that  clearly  isolated  the  read¬ 
ing  error.  In  this  work  we  have  taken  the  standard  deviation 
of  several  independent  observations  to  be  the  value  of  inde¬ 
terminate  error  in  measurement.  The  combined  error  due  to 
measurement  and  position  is  also  examined. 

EXPERIMENTAL 

About  150  undergraduate  students  enrolled  in  an  intro¬ 
ductory  course  in  analytical  chemistry  were  asked  to  make 
several  simple  measurements.  They  first  were  given  instruc¬ 
tion  in  the  proper  technique  for  interpolating  fractional 
distances  between  the  lines  of  the  smallest  intervals  on  a 
scale:  work  consistently  from  line  edges,  be  aware  that 
lines  printed  on  a  ruler  or  scale  occupy  a  finite  fraction 
of  the  smallest  scale  interval,  and  use  this  line  width  as 
an  aid  to  the  eye  in  making  the  interpolation.  Each  student 
was  then  random1 y  assigned  to  make  measurements  on  one  of 
eight  different  boards.  Each  board  contained  a  pair  of 
parallel  lines  and  several  symmetrical  pairs  of  lines  sloping 
toward  each  other  at  different  angles.  The  distances  between 
the  lines  and  the  arrangement  with  respect  to  angle  were  ran¬ 
domized  on  each  board.  Figure  7  is  a  diagram  of  one  pair  of 
lines  illustrating  the  measuring  technique. 

Each  person  was  instructed  to  place  the  centimeter  scale 
(the  1:100  edge  of  a  Keuffel  and  Esser  Paragon  Metric  Tri¬ 
angular  Scale,  No.  56  3662)  against  the  vertical  positioning 
pins  (Figure  7).  The  distance  from  the  right  edge  of  one 
line  to  the  right  edge  of  the  second  line  was  measured  to 
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Figure  7.  Schematic  diagram  of  measurement  between  a  pair 

of  sloping  lines  with  the  scale  properly  positioned 
for  measurement  (measure  from  right  edge  of  one 
line  to  right  edge  of  the  other  line  using  left 
edges  of  scale  lines).  Interpolation  as  illus¬ 
trated  in  the  right  encircled  portion  gives  a 
reading  in  this  example  of  12.13. 

The  lines  were  drawn  in  India  ink  on  standard 
tracing  paper  with  each  line  0.038  (±0.002)  cm 
wide.  The  tracing  paper  was  bonded  to  heavy  artist 
board,  which  in  turn  was  bonded  to  a  13x15x1/2  in. 
plywood  base.  One  inch  finishing  nails  were  driven 
into  the  board  as  vertical  positioning  pins. 
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the  nearest  0.01  cm,  that  is,  to  one  tenth  of  the  smallest 
division  of  the  scale.  Eighteen  to  twenty  students  made  inde¬ 
pendent  measurements  on  each  board,  hence  each  distance  was 
independently  measured  18  to  20  times.  Some  of  the  measure¬ 
ments  reported  were  obviously  wildly  incorrect  and  were  not 
included  in  the  subsequent  calculations  of  standard  deviation. 

As  an  example,  the  value  11.01  cm  in  Table  1  can  be  immedi¬ 
ately  discarded  as  being  wild,  and  the  value  10.43  cm  is 
suspect.  Further  rejection  of  data  was  done  on  the  basis  of 
the  discordant  value  deviating  by  at  least  three  standard 
deviations  from  the  mean  when  the  discordant  value  is  included  in  cal 
culating  the  mean  and  standard  deviation.  In  Table  1  the  mean, 
including  the  value  10.43,  is  10.58  and  the  standard  deviation 
is  0.039.  Since  the  difference  between  10. 58  and  10.43  is 
more  than  three  times  0.039*  'the  value  10.43  was  not  included 

in  subsequent  calculations.  Consequently  the  mean  and 
standard  deviation  for  the  acceotable  data  are  10.59  and 
0.0^94.  For  this  work,  the  standard  deviation  0.0194  was  the 
quantity  of  interest.  The  choice  of  the  rejection  criterion 
of  three  standard  deviations  described  above  is  arbitrary. 

The  sample  size  of  15  to  20  is  significantly  below  that  at 
which  a  normal  distribution  is  usually  considered  to  occur 
(a  sample  size  of  around  30  or  more13),  and  hence  the  size  at 
which  strict  application  of  limits  based  on  measures  of 
standard  deviations  is  justified.  On  the  other  hand,  15  to 
20  is  larger  than  the  limit  of  10,  up  to  which  data  rejection 
may  be  based  on  the  Q  test13.  The  ”2.5  d"  and  "4d"  rules  were 


' 


-34- 


TABLE  1.  DISTRIBUTION  OF  RESULTS  FROM  THE  MEASUREMENT 
OF  ONE  PAIR  OF  LINES  (inclined  at  an  angle  a'  of  15°) 


Result 
Reported , 

Cm 

Number  of  persons 
Reporting  value 

10.43 

1 

10.54 

1 

10 . 57  ' 

1 

10.58 

4 

10.59 

3 

10.60 

7 

10.61 

1 

10.63 

1 

11.01 

1 
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not  applied  as  they  are  considered  unacceptable  methods  for 

-L3 

data  rejection  .  The  resulting  standard  deviations  of  the 
valid  data.  Am  ,  which  are  direct  measures  of  error,  were 
grouped  according  to  the  angle  a  (Table  2  ).  The  reading 

error  as  expressed  by  the  standard  deviations  clearly 
increases  as  the  angle  of  slope  decreases.  The  variations  in 
the  standard  deviations  for  any  one  angle  may  reflect  to  a 
slight  extent  different  terminal  digits  and  terminal  digit 
prejudice.  At  the  bottom  of  this  table  the  mean  of  the  stan¬ 
dard  deviations  for  each  group  of  sloping  lines  are  shown. 

DISCUSSION 

The  relation  between  reading  error  and  the  angle  of  slope, 
a,  formed  between  lines  and  the  ruler  can  be  derived  as  follows. 
The  minimum  reading  error  would  be  expected  to  occur  when 
measuring  between  two  well-defined  parallel  lines.  This  situ¬ 
ation  is  in  fact  demonstrated  by  the  low  value  of  the  mean 
standard  deviation  in  Table  2  for  a  equal  to  90°.  This  mini¬ 
mum  reading  error  or  uncertainty  in  the  measurement  at  90 
which  we  shall  call  Am,  can  be  considered  to  be  composed  of  two 
bands  of  uncertainty  associated  with  the  two  lines  shown  in 
Figure  8  A  as  Am//2  in  magnitude.  The  errors  at  each  of  the 
two  lines  are  added  in  a  statistical  sense  to  produce  Am.  If 
we  assume  these  bands  of  uncertainty  to  have  the  same  width 
Am//2  for  any  angle  of  inclination  of  the  lines,  then  when  the 
angle  a  between  the  lines  and  the  ruler  decreases  below  90° 
the  reading  error  for  the  measurement  between  inclined  lines. 


:  • 


TABLE  2.  STANDARD  DEVIATIONS  OP  SETS  OP  INDEPENDENT  MEASUREMENTS*  OF  PAIRS  OP 
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Each  value  is  the  result  of  independent  measurements  made  by  18  to  20  different 
servers  with  the  same  scale  on  one  particular  pair  of  lines.  The  distances 
tween  the  different  pairs  of  lines  for  each  angle  were  similar  but  were  randomized 
terms  of  the  terminal  digit. 
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Figure  8.  Schematic  representation  of  reading  error  at  varying 
angles.  (A)  Reading  error  Am  Between  parallel  lines, 
considered  to  be  the  statistical  sum  of  two  equal 
bands  of  uncertainty  Am//2.  (B)  Reading  error  between 

two  inclined  lines.  Two  alternative  trigonometric 
relations  are  shown  to  indicate  the  increased  error 


expected . 
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Am^,  would  be  expected  to  Increase  as  shown  schematically  in 
Figure  8b.  Two  possible  quantitative  relations  between  Arn^ 
and  Am  may  be  considered,  and  these  are  also  illustrated  in 
Figure  8'B. 

The  effective  width  of  the  band  of  uncertainty  in  the 


direction  of  measurement  increases  with  decreasing  slope. 
If  the  uncertainty  is  taken  to  be  directly  proportional  to 
this,  we  have  the  relation  shown  on  the  right  side  of 
Figure  8b.  This  leads  to 


Am 

sin  a 


[35] 


or  the  corresponding  expression 

Am^  =  Am( 1  +  cot2a)0,5  [38] 

Measurements  of  inclined  lines  may  possibly  have  further 
error  associated  with  them  arising  from  increased  parallax 
effects.  A  simple  form  of  expression  to  allow  for  this  is 
shown  on  the  left  side  of  Figure  8A,  which  leads  to 

Arn^  =  Am(l+cota)  [37  3 

Equations  38  and  37  both  reduce  to  the  elemental  error  Am 
when  one  measures  between  parallel  lines  where  a  equals  90°. 
And  both  equations  give  a  reading  error  going  to  infinity 
as  the  angle  of  slope  decreases  to  zero. 

To  determine  which  relation  better  fits  the  experimental 
results,  a  plot  was  made  of  Equations  36  and  37  (Figure  9),  with 
a  value  of  Am  equal  to  0.0080  cm  (the  mean  standard  deviation 
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Figure  9.  Relation  between  reading  error  and  angle  of  slope,  a. 
The  points  are  the  experimentally  observed  mean 
standard  deviations.  The  line  in  A  is  the  value  of 
Equation  36  with  Am  equal  to  0.0080  cm.  The  line 
in  B  is  the  value  of  Equation  37  with  Am  equal  to 
0.0080  cm. 
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from  Column  1  of  Table  2  for  a  equal  to  90°).  Although  both 
relations  appear  to  fit  the  experimental  mean  standard  devi¬ 
ations  reasonably  well,  the  fit  of  Equation  36,  Figure  A,  is 
noticeably  better  than  that  of  Equation37.  A  further  verifi¬ 
cation  of  Equation  36  is  that  the  mean  Am,  determined  by 
including  all  of  the  Am  values  obtained  from 
substitution  of  the  mean  standard  deviations  of  Table  2 
in  Equation  36,  is  identical  with  the  observed  value  of  0.0080 
cm  at  90°. 

Actual  measurements,  of  course,  are  not  usually  made 
under  conditions  in  which  the  scale  is  as  precisely  positioned 
as  was  done  here  by  means  of  the  positioning  pins.  To  provide 
comparative  data  concerning  the  role  of  the  positioning  pin  in 
establishing  the  error-slope  relationship,  the  last  pair  of 
lines  on  each  measuring  board  employed  two  short  horizontal 
position  marks  instead  of  positioning  pins.  The  scale  edge 
was  brought  up  to  the  lower  edges  of  the  two  position  marks 
for  the  horizontal  measurement. 

The  standard  deviations  of  the  pin-free  measurements  Am / 

a 

are  reported  in  Table  3  .  Comparison  of  the  values  of 
Table  3  with  the  corresponding  values  of  mean  standard  devi¬ 
ation  of  Table  2  demonstrates  that  for  small  angles  of 
inclination  the  error  in  measuring  between  inclined  lines  is 
larger  for  pin-free  measurements  than  for  those  measure¬ 
ments  using  positioning  pins.  Over  much  of  the  range  the 
ratio  of  the  two  errors  is  approximately  two.  This  increase 
in  error  is  not  surprising  since  any  variation  in  vertical 


‘ 


TABLE  3.  STANDARD  DEVIATIONS  OF  INDEPENDENT  MEASUREMENTS 
OF  PAIRS  OF  LINES  OF  SLOPE  a ,  USING  POSITION  MARKS  INSTEAD 

OF  POSITIONING  PINS 


Angle  CT  90  7'0  50  30  20  15  10  5 


Am'  (cm)  0.0066  0.0132  0.0170  0.0317  0.0615  0.0377  O.723  0.1453 
* 

Each  value  is  the  result  of  independent  measurements  made 
by  1.8  to  20  different  observers  with  the  same  scale. 
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movement  of  the  ruler  when  measuring  between  lines  sloping 
toward  each  other  must  manifest  itself  as  a  deviation  in  the  width 
measurement.  Therefore  the  standard  deviations  of  the  pin- 
free  measurements  are  measures  of  the  combined  errors  of 
observation  and  of  uncertainty  in  the  vertical  position  of 
the  scale.  As  expected,  the  pin-free  measurements  between 
parallel  lines  have  an  error  not  significantly  different 
(considering  the  smaller  sample  size)  from  the  Am  value  of 
0.0080  established  in  Table  2.  Only  when  the  angle  of  slope 
decreases  can  an  error  due  to  vertical  scale  movement  be  ex¬ 
pected  and  observed. 

Quantitatively,  a  small  vertical  displacement  of  the 

ruler  (that  is,  in  a  direction  perpendicular  to  its  length) 

by  an  amount' Ap  will  lead  to  a  difference  in  the  distance 

measured  along  the  ruler  between  the  inclined  lines  equal  to 

Ap  cot  a.  Thus  the  error  in  the  measurement  associated  with 

an  error  Ap  in  vertical  placement  is  also  Ap  cot  a.  This 

geometrical  relationship  was  illustrated  in  Figure  1  of 

Chapter  1.  Since  the  error  in  ruler  placement  is  independent 

of, the  reading  error,  the  total  effect  of  the  two  errors 

Am7  can  be  expressed  by  statistically  adding  Ap  cot  a  to  the 
0 1 

quantity  on  the  right  side  of  Equation  36  to  give 

Am7  =  /Am2  ( 1+cota)  +  Ap2(cota)  [38] 

0 1  V 

The  two  effects  contributing  to  the  error  in  measuring 
the  distance  between  inclined  lines  at  a  particular  position 
are  present  in  the  standard  deviations  Am  .  The 
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magnitude  of  the  standard  deviation  associated  with  vertical 

placement  of  a  ruler  in  the  absence  of  pins,  that  is,  Ap, 

can  be  estimated  by  re-arranging  and  solving  Equation  38 

using  Am  equal  to  0.0080  cm  and  the  observed  Am '  values  of 

a 

Table  3  •  The  results,  in  decreasing  order  of  angle,  for  angles 
less  than  90°  are  0.028,  0.016,  0.016,  0.021,  0.006,  0.010 
and  0.010  cm.  The  mean  of  these  calculated  values  of  Ap  is 
0.015  cm. ,  This  value  of  0.015  cm  may  be  compared  to  a  value 
of  0.008  cm  for  Am.  Thus  practical  measurements  of  the 
distance  between  sloping  lines  will  have  an  error  greater 
than  measuring  between  parallel  lines  due  both  to  the  greater 
reading  error  and  to  the  effect  of  ruler  positioning  which 
increases  as  the  angle  of  slope  decreases.  Over  much  of  the 
range  the  standard  deviations  are  approximately  double  those 
due  to  reading  alone. 
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chapter  5.  EXPERIMENTAL  EVALUATION  OF  INDETERMINATE  ERROR 

IN  THE  HEIGHT  AND  HEIGHT  WIDTH  MEASUREMENTS  OF 
CHROMATOGRAPHIC  PEAKS 

The  primary  intention  of  this  chapter  is  to  examine 
experimentally  the  validity  and  application  of  the  Equation 
l4  and  hence  19,  which  when  expressed  in  terms  of  the  four 
basic  errors  takes  the  form 


(l-r)  V 

"2rln(  1/r )  j 
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This  examination  has  been  done  by  evaluating  large  numbers 
of  independent  measurements  under  controlled  conditions  on 
peaks  of  nearly  ideal  Gaussian  shape.  An  additional  objective 
is  the  development  and  experimental  examination  of  the  total 
error  incurred  in  measuring  only  peak  height. 

EXPERIMENTAL 

The  experimental  approach  to  this  problem  involved  a  large 
group  of  observers  making  measurements  on  a  set  of  idealized 
symmetrical  chromatographic  peaks  of  various  sizes  and  shapes. 
The  width  measurements  were  all  made  at  half  height  (r  equal  to 
0.5).  The  measurements  were  statistically  evaluated  to  give 
standard  deviations  which  were  taken  as  values  of  the  indetermi¬ 
nate  errors.  The  standard  deviation  in  area  as  well  as  the 
standard  deviations  in  the  four  basic  operations  were  determined 
and  the  observed  standard  deviations  in  area  were  then  compared 
with  the  values  theoretically  predicted  by  Equation  3° 

Peaks  of  seven  different  shapes  and  two  different  sizes 
were  used.  The  peaks  ranged  in  shape  from  a  ratio  of  height 
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to  width-at -half -height  of  35  (sharp)  to  O.O89  (flat)  The 
two  sizes  used  were  15  and  1.5  cm2  area.  The  drawings  for 
the  peaks  were  based  on  only  the  leading  halves  of  selected 
well-shaped  chromatographic  peaks.  The  tracings  were  first 
drawn  without  base  lines  and  then  photographically  reduced 
or  enlarged  to  bring  the  area  of  each  peak  to  approximately 
15  cm2 .  The  resulting  peaks  were  printed  by  the  Multilith 
process  on  160-pound  bond  paper.  Base  lines  were  then  drawn 
on  the  tracings  and  the  photographing  and  printing  processes 
were  repeated  to  give  the  same  set  of  peaks,  this  time  with 
base  lines.  The  width  of  the  lines  outlining  the  printed 
peaks  was  0.04  cm,  as  measured  with  a  Hensoldt  Measuring 
Magnifier.  Small-area  peaks  of  1.5  cm2  were  produced  in  a 
similar  manner.  The  line  thicknesses  of  the  tracings  noted 
above  were  increased  before  photographic  reduction  to  give 
a  final  line  width  for  these  small  printed  peaks  of  0.024  cm. 

Because  preliminary  investigation  showed  no  significant 
difference  in  precision  in  measuring  between  lines  of 
different  colors  (India  ink  black,  dark  blue,  bright  green, 
and  orange-red),  the  peaks  were  printed  in  black  on  white 
paper . 

Figure  10  illustrates  the  set  of  small  peaks  drawn  with¬ 
out  base  lines  and  one  of  these  peaks  with  a  base  line. 

The  peak  including  the  base  line  is  also  shown  in  its  larger 
size.  Each  peak  in  the  study  contained  small  reference 
crosses,  which  were  randomly  located  on  each  tracing  near  the 

See  Appendix  Table  A-10. 
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Figure  \q.  The  set  of  the  smaller  (1.5  cm2)  idealized  Gaussian 
peaks  in  reduced  size  to  illustrate  peaks  of  varying 
height-to-width  ratios.  Line  thicknesses  have  been 
increased  three-fold  for  clarity.  The  numbers  adjacent 
to  each  peak  are  values  of  h/w0.p.  The  peak  of  the 
height-to-width  ratio  of  0.52  is  shown  both  with  and 
without  base  line  and  in  the  larger  as  well  as  the 


smaller  size. 
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positions  of  the  base  line  and  the  half-height  (Figure  10) . 

The  participants  in  the  study  were  a  group  of  about 
150  university  students  enrolled  in  an  introductory  course 
in  analytical  chemistry.  This  group  comprised  the  top  85^ 
of  the  class.  The  participants  were  thus  of  a  generally  homo¬ 
geneous  background  and  virtually  none  had  had  prior 
experience  in  gas  chromatography  ;  as  a  group  they  took 
part  in  the  project  with  alert  intelligence.  Experienced 
technicians  with  the  same  kind  of  initial  instruction,  might 
be  expected  to  produce  more  precise  measurements  than  such 
a  student  group  but  the,  general,  relations,  and  conclusions 
would  still  hold. 

Each  student  was  given  written  instructions  regarding 
the  measurement  procedure:  work  consistently  from  the  line 
edges,  realize  that  lines  printed  on  a  ruler  or  scale  occupy 
a  finite  fraction  of  the  smallest  scale  interval,  and  use 
this  finite  fraction  as  an  aid  to  the  eye  in  making  the 
interpolation  to  one  tenth  of  the  smallest  scale  interval. 

In  addition,  since  only  four  students  performed  the  assign¬ 
ment  at  a  time,  individual  oral  instructions  were  given 
regarding  drawing  base  lines,  etc.  The  measurements  were 
conducted  under  nearly  ideal  conditions  of  seating,  lighting, 
temperature,  and  noise  level. 

Each  participant  was  supplied  with  a  set  square,  a 
super-fine  bail-point  pen  to  minimize  variation  in  line  width, 
and  a  high-quality  centimeter  scale  (1:100  edge  of  a  Keuffel 


■ 
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and  Esser  Paragon  Metric  Triangular  Scale  No.  58  3862). 

Roughly  two  thirds  of  the  group  were  asked  first  to  measure 
the  height  and  width  dimensions  of  the  seven  different  15  cm2 
peaks  without  base  lines.  The  remaining  third  were  given 
the  same  task  with  the  seven  1.5  cm2  peaks.  They  proceeded 
in  the  conventional  manner  with  each  peak  by  first  drawing 
the  base  line  and  then  measuring  the  height  from  the  upper 
edge  of  the  base  line  to  the  upper  edge  of  the  peak  top.  They 
calculated  the  half  height  from  their  measured  height  value 
and  then  drew  a  line  parallel  to  the  base  line  at  this  half 
height.  The  width  of  the  peak  along  the  upper  edge  of  this 
half  height  line  was  then  measured.  Subsequently  each 
student  returned  to  carry  out  a  similar  assignment  with  peaks 
having  printed  base  lines.  Those  who  had  previously  worked 
with  small-area,  base-line  free  peaks  were  given  large-area 
peaks  with  base  lines.  Conversely,  as  many  as  possible  of 
those  who  first  measured  the  15  cm2  peaks  were  assigned  the 
peaks  of  small  area. 

RESULTS  AND  DISCUSSION 


Height-Width  Technique 

The  general  technique  used  for  the  identification  and 
rejection  of  invalid  data  was  described  in  Chapter  4.  All  results 


. 


-49- 


that  were  obviously  wild  or  that  clearly  showed  determinate 
errors  were  immediately  rejected;  additional  values  that 
deviated  from  the  mean  by  more  than  three  standard  deviations 
were  also  rejected.  The  area  of  each  base-line-free  peak 
was  calculated  from  the  height  and  width  values  reported. 

The  mean  calculated  area  and  standard  deviation  AA  were  then 
computed  for  each  peak.  The  relative  standard  deviations 

0 

AA/A  are  shown  in  Figure  1 1  as  the  experimental  points. 

The  position  of  the  base-line  established  by  each  observer 
was  directly  measured  from  the  reference  crosses  located  near 
the  base  line  on  each  printed  peak  by  means  of  a  Hensoldt 
Measuring  Magnifier  (smallest  division  0.01  cm).  The  distance 
from  the  edge  of  the  reference  cross  to  the  edge  of  the  base 
line  of  each  peak  was  measured  in  a  consistent  manner.  The 
standard  deviations  of  these  measurements  for  the  various  peaks 
are  reported  in  Table  4  as  the  base-line  error  AB. 

The  error  in  peak-height ,  Ah,  was  evaluated  directly  from 
the  reported  height  measurements  of  the  peaks  with  printed  base 
lines.  Values  for  this  measurement  error  for  each  peak  were 
obtained  simply  by  computing  the  standard  deviation  of  the 
reported  peak-height  values.  The  results  are  given  in  Table 
4  as  Ah. 

The  third  basic  error  Ay  is  difficult  to  isolate  experi¬ 
mentally.  For  a  peak  with  base  line  the  desired  value  of  y 
is  taken  as  0.5  h  and  from  the  given  base  line  we  attempt 
to  draw  a  line  at  this  distance.  This  attempted  line  (see 
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Figure  11. 


Relative  error  in  area  as  a  function  of  peak  shape. 

The  closed  points  are  the  directly  observed  experi¬ 
mental  relative  standard  deviations  in  area  for 
peaks  of  1.5  cm8,  and  the  open  points  for  peaks  of 
15  cm2.  The  solid  lines  represent  the  values  of 
the  relative  error  calculated  from  the  data  of  Table 
4  by  use  of  Equation  39.  Height-width  ratios  greater 
than  40  for  peaks  of  15  cm2  (arrow  on  lower  curve) 
have  no  practical  meaning  because  the  peak  height 

would  exceed  the  25  cm  width  of  ordinary  chart  paper. 
The  data  for  this  plot  is  given  in  Appendix  Table  A-12. 
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TABLE  4.  STANDARD  DEVIATIONS*  (cm)  REPRESENTING  THE  BASIC 
MEASUREMENT  ERRORS  AB,  Ah,  Ay,  and  Aw 


h/w 

s  35 

15 

4.8 

1.2 

0.52 

0.27 

0 . 089 

0  • 

1 

.5  cm2 

AB 

0.0095 

0.0067 

0.0079 

0.0089 

0.0083 

0.0080 

0.0097 

Ah 

0.013 

0.010 

0.011 

0.0084 

o.oo84 

0.011 

0.0086 

Ay 

0.023  ' 

0.021 

0.020 

0.020 

0.018 

0.019 

0.019 

Aw 

0.0080 

0.0080 

0.00S1 

0.0092 

0.013 

0.021 

0 . 066 

15  cm2 

AB 

0.011 

0.011 

0.0089 

0.012 

0.013 

0.011 

0.014 

Ah 

0.019 

0.015 

0.012 

0.013 

0.010 

0.012 

0.016 

Ay 

0.021 

0.021 

0.021 

0.021 

0.022 

0.020 

0.020 

Aw 

0.0080 

0.0080 

0.0081 

0.0092 

0.013 

0.021 

0 . 066 

Each 

value  of 

AB,  Ah, 

and  Ay 

for  1.5 

cm2  peaks 

1  results 

1  from 

the  evaluation  of  about  60  measurements;  each  value  for  15  cm2 
peaks  from  about  80  measurements.  The  value2  for  Am  (0.0080  cm) 
required  for  calculating  Aw  was  based  on  about  150  measurements. 
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Figure  l)  already  includes  an  error  of  0.5  Ah  (relative 
to  the  presumed  base  line.  The  drawn  line  will  deviate 
from  the  attempted  line  due  to  errors  in  reading  and  drawing. 
Finally  the  measuring  scale  is  positioned  for  making  the 
width  measurement  and  the  position  will,  in  general  deviate 
from  the  drawn  line.  The  Ay  as  defined  is  the  statistical  sum 
of  the  error  in  reading  and  drawing  plus  the  error  in  posi¬ 
tioning.  :  An  attempt  to  isolate  part  of  Ay  was  based  on 
measurements  of  the  distances  of  the  individual  drawn  lines 
from  reference  crosses  near  half  height  for  peaks  that  were 
supplied  with  base  lines.  The  standard  deviation  of  these 
distances  is  equal  to  Ay  only  after  subtracting  the  effect  of 
the  error  in  the  attempted  line  and  adding  the  effect  of  the 
error  in  positioning.  The  contribution  of  the  error  in  the 
attempted  line  is  0.5  Ah.  For  example,  for  the  15  cm2  peak  of 
h/w0 . g  of  4.8,  the  observed  standard  deviation  in  placement 
of  the  line  at  half  height  was  0.0156  cm.  The  observed  Ah 
value  for  this  peak  was  0.012  cm  (Table  4).  Consequently  by 
the  addition  of  variances  the  contribution  to  Ay  after  this 
first  small  correction  f (o.0156)a  -  ( 0 . 012/2 ) ^ ,  which  equals 
0.014.  The  error  in  positioning  the  measuring  instrument  at 
the  drawn  line  is  to  be  added  to  the  above  value  of  0.014. 
Separate  experiments,  reported  in  the  previous  chapter, 
were  carried  out  in  which  distances  between  inclined  lines  at 
an  already  marked  position  were  measured.  From  these  experi¬ 
ments  an  estimate  of  the  positioning  error  was  obtained  as 
0.015  cm.  Because  the  same  equipment  and  similar  observers 
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and  conditions  were  used,  this  value  of  the  positioning  error 
should  also  apply  to  the  present  measurements.  This  value  of 
0.015  cm  should  be  statistically  added  to  the  above  value  of 
0.014  to  give  Ay  equal  to  0.021  for  the  peak  of  15  cm2  and 
h/wo.5  of  4.8.  The  values  of  Ay  for  all  peaks  are  listed  in 
Table  4. 

A  direct  determination  of  the  basic  error  Aw  incurred 
in  measuring  the  width  was  not  possible  from  the  reported 
measurements  ,of  peak  width.  The  deviations  in  the  reported- 
width  values  include  effects  of  the  errors  in  AB  (for  peaks 
supplied  without  base  lines),  in  Ah,  and  in  Ay  as  well  as  the 
reading  error  Aw.  From  the  investigation  of  reading  error 
reported  in  the  previous  chapter,  however.  Aw  can  be 
obtained  by  using  the  relation 

Am  =  Am( 1  4-  cot2a)0,5  [36] 

a 

where  Am  is  the  minimum  reading  error  that  occurs  when  measur¬ 
ing  between  parallel  lines  and  Am^  is  the  reading  error  incurred 
between  lines  sloping  towards  one  another  at  an  angle  a  to 
the  direction  of  measurement  as  in  the  sides  of  a  chromatographic 
peak.  The  error  Arn^  is  therefore  equal  to  the  error  Aw  that 

arises  in  reading  the  width  between  the  sloping  sides  of  a 

r  * 

Gaussian  peak.  Equati on  3°  re -expressed  in  terms  of  Gaussian 
peak  parameters  is  in  general  form 

*'See  Equations  8,  9,  and  18  of  Chapter  2 


. 
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Aw  =  Am  =  Am(  1  + - )0,5  [40] 

a  r2h221n(l/r) 

where  cr  is  the  standard  deviation  of  a  Gaussian  peak  expressed 
in  the  same  units  as  h  or  w  and  is  equal  to  0.4248  w0 . 5 . 
Hence  for  r  equal  to  0.5 

Aw  =  Am(l  +0.52  06(^^)2)0,5  [4l] 

The  experiments  already  referred  to  gave  a  value  for  4m  of 
0.0080  cm  and  substitution  of  this  value  in  Equation  4l 
yielded  the  values  for  Aw  that  are  listed  in  Table  4. 

The  error  in  area  measurements  calculated  from  the 
reported  height  and  width  measurements  in  peaks  without  base 
lines  may  be  compared  with  the  error  that  should  be  predicted 
from  Equation  39  by  use  of  the  four  independently  determined 
basic  errors.  This  comparison  is  made  in  terms  of  percent 
relative  error  in  area  in  Figure  11.  The  points  represent 
the  directly  observed  errors  in  area  and  the  lines  the  predicted 
errors.  The  predicted  errors  were  calculated  by  substitution 
of  the  experimental  estimates  of  the  four  basic  errors  from 
Table  4  in  Equation  39  along  with  the  appropriate  mean  values 
obtained  for  height  h  and  for  width  at  half  height,  w0 .  3  .  The 
general  nature  of  the  agreement  between  observed  and  predicted 
errors  is  gratifying  and  demonstrates  that  one  should  be  able 
to  use  the  general-error  expression  of  Equation39  with  confi¬ 
dence.  The  reader  must  realize  that  the  particular  values 
for  the  four  basic  errors  to  be  used  in  Equation  39  will  depend 
on  the  observer. 

One  conclusion  from  the  results  illustrated  in  Figure  11 
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is  that  for  peaks  of  a  given  area  there  is  an  optimum  peak 
shape.  This  confirms  what  was  predicted  from  the 
theoretical  analysis  of  errors  in  height-width  measurements  . 
For  this  optimum  shape  (Figure  11)  the  value  of  h/w0.s  lies 
at  about  3  to  5,  as  compared  with  an  expected  value*  for  the 
limiting  case  of  2  to  3*  The  original  analysis  assumed 
as  a  limiting  case  that  AB,  Ah,  and  Ay  all  equalled  the 
fundamental  measurement  error  Am.  The  basis  for  the  fourth 
basic  error  Aw  is  also  Am.  The  experimental  values  for  the 
basic  errors  AB,  Ah,  and  Ay  listed  in  Table  4  differ  somewhat 
from  each  other,  but  by  no  more  than  a  factor  of  2  or  3. 

Because  the  difference  is  small,  the  position  of  the  experi¬ 
mentally  observed  optimum  is  not  significantly  different 
from  that  expected  from  the  simplified  model  . 

A  second  conclusion  of  this  study,  at  least  from  the 
practical  viewpoint,  is  the  confirmation  that  for  peaks  of 
a  given  shape  the  relative  error  in  area  is  greater  for 
peaks  of  small  area  than  for  those  of  large  area.  The  depen¬ 
dence  of  error  on  peak  area  as  given  in  Equation  39  is  according 
to  the  square  root  of  the  inverse  of  the  area  for  peaks  of 
the  same  shape.  In  practice,  therefore,  one  should  strive 
for  peaks  of  maximum  area. 

Although  not  obvious  from  Figure  11,  another  conclusion 
is  that  for  peaks  of  a  given  height  the  error  decreases  to 
a  limiting  value  as  the  width  of  the  peak  increases.  Equation 
39 has  been  combined  with  the  data  of  Table  4  to  produce  the 
curves  shown  in  Figure 12A  for  several  peak  heights.  The  error 
obviously  decreases  sharply  with  increasing  peak  width  for 

* 

See  Chapter  2. 
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0.1  1  10  100 
PEAK  WIDTH,  wQ5  (cm) 


Figure  12.  (A)  The  relation  between  relative  error  and  peak 

width  for  peaks  of  several  heights  as  indicated, 
calculated  from  the  data  of  Table  4  by  use  of 
Equation  39. 

(B)  Distribution  of  peak  heights  from  a  selection  of 
chromatograms . 
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sharp  peaks,  and  the  decrease  in  error  for  peaks  that  are 
already  wide  is  negligible.  Figure  12A  leads  to  the  somewhat 
surprising  practical  conclusion  that  the  peak  width  for 
the  limiting  error  is  about  3  to  5  cm  for  peaks  of  all  reasonable 
heights.  Beyond  a  peak  width  of  about  5  cm  the  advantage 
of  increasing  the  area  is  just  balanced  by  the  disadvantage 
of  measuring  the  widths  of  wide  peaks.  The  question 
naturally  arises  as  to  what  is  the  peak  height  to  be  expected 
in  practical,  chromatography.  An  examination  of  a  number  of 
chromatograms  selected  from  the  literature  indicates  that 
the  usual  peak  height  encountered  in  practice  is  about  5  to 
10  cm  (Figure  12B) .  If  peaks  of  this  height  have  adequate 
width,  then  Figure  12A  indicates  that  one  can  expect  to  measure 
the  peak  area  with  an  error  of  less  than  1  percent.  Figure 
123  also  indicates  that  in  practice  a  considerable  fraction 
of  all  peaks  recorded  have  peak  heights  of  less  than  2  or  3 
cm.  For  these  peaks  one  cannot  expect  favorable  precision. 

From  the  preceding  paragraphs  it  is  clear  that  improved 
precision  of  integration  can  be  expected  when  peak  height 

and  peak  widths  (up  to  a  point)  are  increased--that  is,  when 
peaks  of  larger  area  are  produced.  In  practical  chromatography 
height  may  often  be  increased  by  decreasing  the  signal  attenu¬ 
ation  or  improving  the  sensitivity  of  the  entire  detection  sys¬ 
tem.  It  is  worthwhile  therefore  to  set  the  recorder  attenuator 
to  give  maximum  peak  height  within  the  limitations  of  the  signal 
and  of  the  chart  width.  Increasing  the  sensitivity  of  the  recorder 
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changes  the  peak  shape  towards  a  higher  height-to-width 
ratio.  The  change  in  h/w0.s  will  modify  the  effects  of  the 
increased  peak  area  to  an  extent  depending  on  the  exact 
values  of  h/w0.g.  This  increase  in  peak  height  is  especially 
favorable  for  peaks  of  low  h/w0.§  since  the  error  is  decreased 
both  because  one  is  dealing  with  a  larger  peak  and  because 
the  peak  shape  moves  toward  the  optimum  of  curves  such  as 
in  Figure  lb  But  even  when  the  peak  shape  is  already  sharp 
there  may  be'an  overall  advantage.  For  example,  consider  a  peak  of 
1.5  cm2  area  and  h/w0>5  equal  to  3.  A  tenfold  increase  in  the 
recorder  sensitivity  to  increase  the  peak  height  tenfold 
gives  a  peak  of  15  cm2  and  h/w0.5  now  equal  to  30.  According 
to  Figure  11,  the  relative  error  in  area  is  correspondingly 
decreased  frcm  1.8  to  1.1  percent.  Obviously,  one  cannot 
indefinitely  increase  the  recorder  sensitivity;  the  peak 
height  is  limited  by  the  width  of  the  chart  paper  (normally 
25  cm).  Another  limiting  factor  in  increasing  recorder 
sensitivity  is  the  increase  in  noise  level,  which  will  increase 
all  the  basic  errors  except  Ay.  Increasing  the  gain  for  a 

narrow  peak  may  also  introduce  a  determinate  error  in  the 
recorder  due  to  the  recorder  time-constant  being  too  large 

for  the  pen  to  adequately  track  a  high  narrow  peak  so  that 
overshooting  occurs. 

Another  practical  way  to  increase  precision  is  to  increase 
peak  widths  by  increasing  the  recorder  chart  speed.  In  this  case 
one  can  expect  an  advantage  only  if  the  peak  is  initially  narrower 
than  about  5  cm,  that  is  if  the  peak  already  has  a  moderate  or  high 
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value  for  h/wo.5.  For  example,  in  Figure  11  a  1.5  cm2  peak  of 
h/w0 .  5  of  50  has  an  integration  error  of  about  4.5  percent. 

If  the  chart  speed  were  increased  tenfold,  h/w0 . ?  would  be 
5,  the  area  would  be  15  cm2,  and  the  error  would  be  about 
0.5  percent--almost  a  tenfold  decrease  in  error.  On  the  other 
hand,  as  was  shown  in  Figure  12A,  for  peaks  which  are  already 
flat  an  increase  in  chart  speed  may  accomplish  no  gain  in  pre¬ 
cision.  F'or  instance,  a  peak  5  cm  in  height  and  1  cm  in  width 
at  half  height  (h/w0.5  of  5,  area  5*3  cm2)  has  an  error  in 
area  measurement,  according  to  the  curve  of  Figure  12A,  of  about 
1  percent.  Increasing  the  chart  speed  fivefold  for  this  peak 
would  give  a  width  at  half  height  of  5  cm  (h/w0.5  equal  to  1, 
area  26.6  cm2)  and  an  error  in  measurement  of  about  0.5  percent. 
But  a  100-fold  increase  in  chart  speed  would  still  produce  a 
peak  with  an  error  of  0.5  percent.  As  a  general  rule  nothing 
is  to  be  gained  by  increases  beyond  the  point  that  results  in 
peaks  about  5  cm  in  width.  Moreover,  there  may  well  be  a 
disadvantage  in  high  chart  speeds  because  greater  determinate 
errors  arising  within  the  recorder  system  may  actually 
increase  the  error. 

The  choice  of  proper  chart  speed  is  complicated  in 
isothermal  chromatography  by  the  continually  varying  peak 
width  with  retention  volume.  In  programmed  temperature  gas 
chromatography  the  choice  of  the  best  chart  speed  is  straight¬ 
forward  in  that  peak  widths  are  relatively  constant  throughout 
an  analysis.  In  programmed  temperature  gas  chromatography 
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the  best  chart  speed  is  one  that  gives  peak  widths  at  half 
height  of  about  3  to  4  cm. 

In  the  second  chapter  the  possibility  was  raised  that 
the  base-line  uncertainty  AB  may  increase  with  increasing 
peak  width,  hence  tending  to  favor  sharper  peaks.  There  is 
no  evidence  in  the  present  measurements  on  idealized  noise- 
free  peaks  (Table  4)  for  such  an  increase  in  AB  with  increas¬ 
ing  width.  This  does  not  rule  out  the  possibility  of  such 
an  effect  arising  in  real  peaks  particularly  with  long-term 
base-line  noise.  As  pointed  out,  it  is  expected  that  base¬ 
line  noise  will  shift  the  optimum  toward  sharper  peaks  and 
at  the  same  time  increase  errors  for  peaks  of  all  shapes. 

It  is  implicit  in  Equation  39  that  the  parameter  r,  which 
is  the  height  chosen  at  which  to  measure  peak  width,  has  an 
optimum  value.  The  complex  manner  in  which  this  parameter 
affects  the  error  in  calculated  area  is  the  subject  of  a 
study  to  be  reported  in  Chapter  6. 

Height  Technique 

Quantitative  measurements  of  chromatographic  peaks  based  on 
peak  height  involve  only  two  experimental  steps:  drawing  the 
base  line  and  measuring  the  height  from  the  base  line. 

The  errors  resulting  from  these  two  operations  are  illustrated 
in  steps  1  and  2  of  Figure  1.  The  total  error  in  the  height 
measurement  AH  is  therefore  a  direct  result  of  the  combined 
effect  of  these  two  independent  errors.  Hence  the  total 
relative  error  in  peak  height  is  expressed  simply  as  the  sum 
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of  the  variances 


AH 

h 


[42] 


where  AH  represents  the  total  error  incurred  in  the  measure¬ 
ment  of  peak  height  and  Ah  represents  the  error  in  measuring 
the  height  from  the  presumed  base  line. 

From  the  measurements  of  the  peak  heights  of  the  peaks 
without  base  lines  a  direct  value  for  the  error  in  height 
measurement  AH  was  available  simply  by  computing  the  standard 
deviations.  The  relative  standard  deviations  AH/h  are  shown 
in  Figure  13  as  the  experimental  points. 

The  error  in  peak  height  measurements  of  peaks  without 
base  lines  may  be  compared  with  the  error  obtained  from 
Equation  42  by  use  of  the  independently  determined  basic 
errors  AB  and  Ah  of  Table  4.  This  comparison  is  made  in 
Figure  13,  where  the  points  represent  the  directly  observed 
relative  standard  deviations  in  height  and  the  lines  the  values 
obtained  from  Equation  42. 

It  is  appropriate  to  compare  the  precision  of  height- 
width  integration  with  peak-height  measurement  (Figures  1.1 
and  13)  .  Clearly,  for  peaks  of  a  given  height-to  width  ratio, 
the  relative  indeterminate  error  is  always  smaller  if  only 
peak  height  is  used  rather  than  peak  area.  Particularly  for 
peaks  of  large  height-to-width  ratio,  the  advantage  in 
measuring  the  height  only  is  enormous. 
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Figure  13.  Relative  error  in  height  as  a  function  of  peak  shape 
or  peak  height.  The  closed  points  are  the  directly 
observed  experimental  relative  standard  deviations 
in  height,  AH/h,  for  peaks  of  1.5  cm2,  the  open 
points  for  peaks  of  15  cm2 .  The  solid  lines  repre¬ 
sent  values  of  the  relative  error  obtained  from  AB 
and  Ah  (Table  4)  by  use  of  Equation 4 2. 
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The  inset  of  Figure  13  indicates  that  the  error  to  be 
expected  in  measurement  of  peak  height  is  to  a  good 
approximation  inversely  proportional  to  the  height  and  almost 
independent  of  peak  shape  for  the  idealized  noise-free  peaks 
that  were  measured.  In  practice,  separate  measurements,  which  were 
made  on  less  ideal  peaks  suggest  that  for  two  peaks  of  the 

same  height  where  one  is  a  sharp  spike  (height -to -width  ratio 

•% 

greater  than  about  20) ,  the  height  of  the  sharp  spike  is  subject 
to  a  slightly  increased  error.  A  precision  of  2  parts  per 
thousand  should  be  readily  attainable  provided  peaks  of 
moderate  height  are  measured.  For  example,  the  data  of 
Figure  13  indicate  that  for  a  peak  10  cm  high  the  error  in 
height  measurement  is  0.13  percent. 

Measurements  of  peak  area  have  generally  been  preferred 
for  quantitative  work.  This  preference  may  be  due  to  a 
lack  of  appreciation  of  the  inherently  lower  precision  in 
these  measurements  and  also  to  a  recognition  that  measurements 
of  peak  height  are  sensitive  to  instrumental  and  operational 
variations  such  as  sample  injection,  column  temperature,  and 
column  efficiency.  For  example,  if  two  samples  of  the  same 
size  are  injected  rapidly  in  one  case  and  slowly  in  another, 
the  peak  heights  may  be  grossly  different.  On  the  other  hand, 

the  areas  will  be  the  same;  the  sample  that  was  injected 
slowly  will  have  a  decreased  peak  height,  but  there  will  be 
a  compensating  increase  of  peak  width.  Peak  height  is 
affected  also  by  fluctuations  in  column  temperature,  which 


-64- 


impose  severe  requirements  on  instrument  design.  In 
addition,  although  peak  area  is  more  sensitive  to  variations 
in  gas  flow  rate  than  is  peak  height,  the  stabilization  of 
flow  rate  is  easier  than  stabilization  of  temperature.  The 
detailed  measurements  of  this  present  study,  however,  support 
the  general  conclusion  often  reached  in  practical  work  that 
with  good  experimental  control  and  stability  of  a  chromato¬ 
graphic  system  maximum  quantitative  precision  can  be  obtained 
from  measurements  of  peak  height.  The  necessary  degree  of 
experimental  control  is  often  approached  in  repetitive  and 
control  analyses.  In  general,  the  gains  in  precision  potenti¬ 
ally  possible  through  the  use  of  height  measurements  should 
justify  intensive  efforts  to  achieve  the  necessary  high  quality 
of  experimental  performance  and  control.  These  conclusions 
are,  of  course,  all  based  on  experiments  with  a  homogeneous 
group  of  observers  and  idealized,  noise-free  peaks.  They 
are  nevertheless  felt  to  be  of  direct  applicability  to  a 
considerable  range  of  practical  chromatographic  measurements 
and  should  be  of  some  general  guidance  such  as  when  dealing 
with  malformed  or  overlapping  peaks,  or  rapidly  changing  base 


line . 
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chapter  6.  SELECTION  OF  OPTIMUM  POSITION  FOR  MEASURING 

WIDTHS  OF  CHROMATOGRAPHIC  AND  SPECTRAL  PEAKS 
FOR  MINIMUM  ERROR  IN  AREA 


The  choice  of  fractional  height  at  which  the  peak  width 
is  measured  enters  into  and  contributes  to  the  final  error 
in  area  in  a  complex  manner.  The  object  of  this  chapter  is 
to  consider  the  optimum  position  for  measuring  peak  width  and 
how  this  optimum  position  is  affected  by  peak  shape  and  peak 
area.  This  question  has  been  partly  treated  by  Said  and 
Robinson4.  Their  analysis  was  concerned  primarily  with  the 
effects  of  uncertainties  in  measuring  peak  height.  The 
present  study  evaluates  the  effect  of  choice  of  fractional 
height  on  the  errors  resulting  from  each  of  the  four  measure¬ 
ment  steps  involved  in  the  height  width  method. 

In  Chapter  5  numerical  values  for  AB,  Ah,  and  Ay  obtained 
by  a  particular  group  of  observers  were  about  0.010,  0.012, 
and  0.021  cm.  As  shown  in  Chapter  4,  values  for  Aw  obtained 
by  a  similar  group  of  observers  were  found  to  depend  on  the 
angle  a  between  the  peak  sides  and  the  instrument  used  to 
measure  width  and  to  have  a  limiting  value  Am  of  0.008  cm  for 
parallel  lines. 

Since  these  four  errors  occurred  independently,  their 
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their  total  effect  is  obtained  by  adding  them  in  a  statistical 
sense  according  to  the  following  generalized  error  expression  , 


A  J ' h '  l  2r ln( 1/r) J  ' n  '  h 


21n( 1/r) 


/  +lh  '  1; 


-1 

2rln( 1/r) 


>+(M)2  [39] 
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Equation  39  may  be  modified  by  substituting  for  Aw  from 
Equation  36,  expressing  cota  for  a  Gaussian  peak  as 
wr/(4  rh  ln(l/r));and  removing  the  quantity  l/h  to  the  outside 
of  the  square  root  to  give 
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issociated  (base  line)  (height)  (intermediate  (width)  [43] 

/ith  height) 

Variation  of  Error  With  Fractional  Height  and  Peak  Shape 

According  to  Equation  43  the  re 1  ative  error  in  area  depends 
on  r,  which  occurs  in  each  of  the  first  three  terms  and  in 
the  last  part  of  the  Aw  term.  That  an  optimum  r  exists  and 
varies  with  peak  shape  can  be  best  appreciated  by  examining 
each  term  in  detail. 

See  Equations  8,  9>  and  18  of  Chapter  2 
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Table  5  illustrates  the  effect  of  varying  r  on  each 
of  the  factors  in  which  it  occurs.  Examination  of  the 
values  in  Table  5  shows  that  the  first  (base-line)  term 
must  continually  decrease  as  r  increases.  Consequently 
from  this  point  of  view,  measuring  the  peak  width  near  the 
top  of  a  peak  is  preferable.  The  second  (peak-height)  term 
goes  to  zero  at  the  inflection  point  of  the  peak,  hence  from 
this  point  of  view  the  peak  width  should  be  measured  at  0.6l 
of  peak  height.  The  third  (intermediate-height)  term  which 
has  the  same  form  as  that  developed  by  Said  and  Robinson4  goes 
to  a  minimum  when  r  is  l/e  of  the  peak  height,  thus  favoring 
measurement  of  width  at  this  lower  point.  Finally,  the  r 
portion  of  the  width  term  also  passes  through  a  minimum  at 
l/e  of  the  peak  height,  which  once  again  favors  a  lower 
point  for  the  peak  width  measurements. 

The  l/h  and  h/wr  portions  of  Equation  43, constitute  the 
peak-shape  factors  in  the  over-all  error  expression.  If  we 
consider  only  the  l/h  factor  ahead  of  the  square-root  sign, 
to  minimize  error  the  peak  height  should  be  at  a  maximum. 

In  contrast,  the  h/wr  factor  of  Equation  43  reveals  that  not 
only  does  this  factor  favor  flat  peaks,  but  the  error  depen¬ 
dent  on  it  also  decreases  when  peak  width  is  measured  near 
the  base  line  (r  small,  hence  wr  large).  Table  6  shows  values 
of  this  shape  factor  for  three  peaks  of  different  shapes: 
sharp  (h/wo.5=10),  intermediate  (h/w0.5=l)>  and  flat  (h/w0  .s  =0.  l) . 
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table  5.  VALUES  OF  EACH  FACTOR  INVOLVING  FRACTIONAL  HEIGHT 
r  IN  EQUATION  43,  SHOWING  THE  EFFECT  OF  CHANGING  r 


Term 

Intermediate 

Associated 

Base  Line 

Height 

Height 

Width 

With 

Factor 

Cl,  1  -  r  ) 

( 1  1  ^ 

1 

1 

' ^  2rln  1/r ' 

1 1  2 In  1/r' 

2rln  1/r 

4rln ' l/r 

Value  of  r 

Value 

of  the  factor 

0.05 

3.21 

0.83 

3.34 

1.67 

0.10 

2.96 

0.78 

2.17 

1. 09- 

0.25 

2.08 

0.64 

1.44 

O.72 

0.37  (e'1) 

1.86 

0.50 

1.36 

0.68 

0.50 

1.72 

0.28 

1.44 

0.72 

1 

0. 6l(e~2 ) 

1.65 

0 

1.65 

0.82 

0.9 

1.53 

3.74 

5.27 

2.64 

x :  • 
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TABLE 

6  . 

VALUES  FOR 

THE  SHAPE  FACTOR  h/wr  FOR 

SHARP, 

INTERMEDIATE  AND  FLAT  PEAKS 

h/w0. 

* 

5 

10 

1 

0.1 

Value 

of  r 

Value  of  h/wr 

0.05 

3.6 

0.36 

0.036 

0.10 

5.5 

0.55 

0.055 

0.25 

7.1 

0.71 

0.071 

0.50 

:  10.0 

1.00 

0.100 

0.90 

25.8 

2.58 

0.258 

* 

The 

ratio 

of  height 

to  width-at -half -height  is 

a  conveni 

index  to  peak  shape. 
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The  values  in  this  table  are  large  for  sharp  peaks  and,  as 
expected,  for  a  given  peak  the  value  increases  as  r  increases. 

The  contributions  of  the  width  factors  from  Tables  5 
and  6  are  canbined  in  Table  7  as  the  square  root  of  the 
sum  of  the  squares  for  peaks  of  given  shapes.  The  over-all 
value  of  the  width  factor  for  sharp  peaks  depends  primarily 
on  the  shape  factor  and  for  flat  peaks  depends  primarily 
on  the  factor  involving  r.  For  peaks  of  intermediate  shape 
both  factors  are  important.  As  far  as  the  peak-width  term 
is  concerned,  for  sharp  peaks  the  width  obviously  should  be 

measured  near  the  base  line. 

The  base-line,  height,  and  intermediate-height  factors 

of  Table  5  and  the  width  factor  of  Table  7  can  be  combined 
with  AB,  Ah,  Ay,  Am,  and  also  h  in  Equation  43  to  give  the 
over-all  relative  error  in  area.  The  dependence  of  this 
relative  error  on  the  fractional  height  is  obviously  complex. 

The  base  line  term  minimizes  error  when  the  width  is  measured 
near  the  peak  maximum.  The  height  and  intermediate-height 
terms  minimize  error  when  the  width  is  measured  au  intermediate 
points.  Finally,  the  width  term  minimizes  error  in  the  case 
of  sharp  peaks  when  the  width  is  measured  near  the  base, and 
with  increasingly  flatter  peaks  minimum  error  at  higher  positions 
approaching  l/e.  The  height  term  is  probably  the  least  important 
of  all  four  terms  because  the  value  of  the  neight  factor  and 
the  value  of  Ah  are  both  relatively  small.  The  otner  terms 
may  all  be  large  and  significant  under  particular  conditions. 
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TABLE  7  .  OVER-ALL  WIDTH  FACTOR  FROM  EQUATION  42  FOR 
SHARP,  I NTERMEDI AT E ,  AND  FLAT  PEAKS 


h/w0 .  5 

10 

1 

0.1 

Value 
of  r 

Value  of  Factor  [ 

"(h  rlf  i  ^ 

-iO  .  5 

0 . 05  -■ 

4.0 

1.71 

1.67 

0.10 

5.6 

1.22 

1.09 

0.25 

7.1 

1.01 

0.72 

0. 37(e_1 ) 

8.3 

1.07 

0 . 68 

0.50 

10.0 

1.23 

0.73 

0.6l(e-1/2; 

)  12.5 

1.50 

0.84 

0.90 

25.8 

3.69 

2.65 
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Thus ,  the  total  net  error  that  occurs  In  the  four  measurement 
operations  of  the  height-width  technique  results  from  a  complex 
and  competitive  interplay  of  the  various  factors. 

One  way  to  assess  the  effect  of  changing  the  fractional 
height  at  which  width  is  measured  is  to  calculate  the 
relative  error  in  area  according  to  Equation  43 using  the 
values  mentioned  earlier  of  AB,  Ah,  Ay,  and  Am  along  with 
the  numerical  values  of  Tables  5  and  7  for  the  various 
factors.  Figure  l4 shows  the  relative  error  AA/A  as  a 

function  of  the  index  of  peak  shape  h/w0.§  for  peaks  of 
1.5  and  15  cm2  area.  The  unusual  direction  of  the  abscissa 
scale  was  chosen  so  that  sharp  peaks  (high  h/w0.g)  would  be 
to  the  left,  analogous  to  the  early  peaks  in  an  isothermal 
chromatogram.  Each  curve  corresponds  to  a  particular  value 
of  fractional  height  as  labelled  in  the  figure.  It  becomes 
apparent  that  to  minimize  the  relative  error  for  sharp  peaks 
of  any  given  area,  the  operator  should  measure  the  width 
close  to  the  base  line.  This  requirement  is  reasonable 
because  the  larger  width  value  obtained  near  the  peak  base 
reduces  the  relative  error  occurring  in  this  particular 
measurement.  As  the  peaks  flatten,  the  optimum  r  increases 
to  a  limiting  value  of  around  0.5,  For  any  given  peak  are* 
a  curve  of  minimum  relative  error  as  a  function  of  peak  shape 
using  the  appropriate  optimum  fractional  heights  would  form 
an  envelope  to  the  family  curves  such  as  illustrated 
in  Figure! 4.  Thus  the  minimum  relative  error  for  any 
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Figure  14  Relative  standard  deviation  in  area  as  a 
function  of  peak  shape  for  varying  fractional  heights  r 
at  which  peak  width  is  measured.  The  curves  were  calculated 
from  Equation  43  with  values  for  AB,  Ah,  Ay,  and  Am  of  0.010, 
0.012,  0.021,  and  0.008  cm.  Left  side,  for  peaks  of  area 
1.5  cm2,  right  side ,  for  peaks  of  area  15  cm** . 
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given  peak  area,  requires  both  an  optimum  peak  shape  and  an 
optimum  fractional  height  at  which  to  measure  width.  Figure 
14  for  example,  illustrates  that  for  peaks  of  a  given  area 
this  optimum  corresponds  to  a  peak  with  height  approximately 
five  or  six  times  the  width  at  half  height  and  with  area 
determined  by  a  width  measured  at  quarter  height  (r  equal  to 

0.25).  For  a  given  peak  shape  the  best  value  of  the  fractional 
height  is  the  r  value  for  that  particular  curve  which  touches 
the  above  mentioned  envelope.  The  choice  of  r  is  "east 

critical  for  peaks  of  an  intermediate  shape;  here  any  value 
between  about  0.2  and  0.6  would  be  equally  satisfactory. 

In  Chapter  2  a  model  was  proposed  in  which  AB,  Ah  and 
Ay  were  all  assumed  equal  to  Am.  This  model  yields  a  set 
of  curves  similar  to  those  in  Figure  l4  indicating  that 
the  conclusions  reached  here  are  not  highly  sensitive  to 
the  particular  values  chosen  for  the  basic  errors.  The 
experimentally  determined  Ay  value  is  approximately  twice 
the  value  for  the  other  basic  errors  and  the  effect  has  been 
to  shift  the  family  of  curves  slightly  in  the  direction  of 
sharper  peaks  as  compared  with  the  curves  calculated  for  equal 

errors. 

Equation 43  has  been  verified  not  only  qualitatively  but 
quantitatively  for  a  fractional  height  of  0.5*  Corresponding  exper¬ 
imental  curves  have  not  been  determined  for  other  values  of  rbut  a 


X 
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somewhat  less  exhaustive  study  has  confirmed  the  relative 
positions  of  the  different  r-curves.  These  experiments  con¬ 
sisted  of  independent  measurements  by  a  separate  group  of 
180  observers.  The  idealized  chromatographic  peaks  described 
earlier  were  used,  but  cheaper  boxwood  metric  rulers  were 
used  instead  of  triangular  scales  (hence  the  basic  errors 
would  be  larger) .  Widths  at  several  positions  on  the  peaks 

were  measured  with  the  aid  of  a  chart  of  the  type  described 

10 

by  Harris  and  Habgood  .  The  chart  had  several  lines  for 
rapid  selection  of  several  fractional  heights.  The  number  of 
replications  of  any  single  measurement  w as  smaller  than  in 
the  previously  reported  series  of  measurements  but  the  results 
agreed  at  least  semiquantitatively  with  Figure  1.  The 
detailed  values  are  given  in  Appendix  Table  A-13. 

In  Chapter  5  in  order  to  generally  evaluate  the  inde¬ 
terminate  errors  in  height-width  integration  and  to  validate 
the  general-error  expressions  developed,  the  width  readings 
were  taken  at  half  height.  The  present  work  indicates  that 
the  standard  deviati  ons  would  have  been  somewhat  lower  if  an 
r  value  of  0.25  had  been  used.  The  general  conclusions, 
however,  would  have  been  the  same  although  there  would  be 
slight  modifications  in  detail.  The  principal  modification 
would  be  that  when  peak  widths  are  measured  at  0.25  of  the 
height  minimum  error  is  attained  with  slightly  sharper  peaks 
than  when  widths  are  measured  at  0.5  of  the  height. 

Increasing  Base-line  Uncertainty  With  Peak  Width 

Because  of  base-line  drift  and  noise  in  a  recorder 
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trace,  allowance  may  have  to  be  made  for  an  Increase  in 
base-line  uncertainty  AB  as  peaks  broaden.  If  base-line 
uncertainty  increases  with  increasing  peak  width,  the  first 
or  base-line  term  in  Equation43  will  assume  greater  impor¬ 
tance,  and  the  values  of  the  second  column  in  Table  5  will 
have  even  greater  significance.  For  peaks  of  a  given  shape 
base  line  noise  will  favor  a  larger  value  for  r,  but  for 
peaks  of  given  area  the  optimum  shape  for  minimum  error  will 
shift  towards  sharper  peaks  .  This  shift  in  turn  suggests 
some  decrease  in  optimum  r.  The  over-all  effect  of  increasing 
base-line  uncertainty  will  be  to  increase  the  error  with  which 

the  peak  area  can  be  measured,  but  not  to  significantly  change 
the  fractional  height  at  which  the  peak  width  is  measured. 

The  above  analysis  was  derived  for  Gaussian  peaks. 

Since  real  peaks  frequently  show  tailing,  which  increases 
the  width  near  the  base,  a  slightly  larger  value  of  r  may  be 
preferable  than  that  predicted  for  this  generalized  case. 

A  Practical  Choice  of  Fractional  Height. 

It  is  clear  that  no  single  value  of  fractional  height  r 
will  produce  minimum  relative  error  in  area  for  all  peak 
shapes  and  conditions.  The  choice  of  r  for  peaks  of  small 
area  is  more  critical  than  for  those  of  large  area.  Similarly, 
the  choice  of  r  for  sharp  peaks  is  more  critical  than  for 
flat  peaks.  Nevertheless,  from  a  practical  point  of  view,  a 
single  fractional  height  (or  a  restricted  number  of  fractional 
heights)  at  which  to  measure  the  width  of  all  peaks  in  a 
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chromatogram  is  desirable.  The  choice  of  a  single  r  necessarily 
involves  a  compromise  to  minimize  the  relative  error  in  area 
for  varying  peak  shapes.  This  compromise  vail  depend  in  part 
upon  the  measurement  conditions  and  analytical  requirements 
of  the  individual  laboratory.  Considering  Figure  14,  however, 
we  can  see  that  if  a  full  range  of  smooth  Gaussian  peaks  is 
normally  encountered,  then  a  single  value  of  r  should  be 
chosen  near  0.25.  Such  a  choice  means  a  slight  loss  in  pre¬ 
cision  for  flat  peaks,  but  a  considerable  gain  for  sharp 
peaks.  For  those  types  of  analyses  yielding  smooth,  sharp, 

well-resolved  peaks,  r  would  be  better  chosen  in  the 
neighborhood  of  0.1.  Under  conditions  of  serious  peak 
tailing,  r  would  be  better  chosen  at  perhaps  a  value  as  high 
as  the  popular  fractional  height  of  0.5*  But,  fractional 
heights  approaching  unity  should  be  avoided  under  all 


conditions . 


' 
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APPENDIX* 

Table  A-l. 

Sample  of  the  computor  program  used  to  evaluate 
the  mean,  standard  deviation  and  standard  error 
of  the  peak  areas  using  the  height  and  width  data 
of  Table  A-2. 

Table  A-2. 

Student  measurements  in  centimeters  of  peak  height 
and  width  measured  at  half  height  (computor  coded 
HITE  and  WIDE  respectively)  for  15  cm2  peaks  with¬ 

« 

out  base  lines.  The  numbers  following  the  column 
headings  HITE  and  WIDE  are  computor  code  for  peak 
shape  where  1  refers. to  the  sharp  peak  and  equals 
h/wo.s  of  35*  and  7  refers  to  the  flatest  peak  of 
h/wo.§  equal  to  O.O89. 

Table  A-3. 

Student  measurements  in  centimeters  of  peak  height 
and  width  measured  at  half  height  for  1.5  cm2 
peaks  without  base  lines.  Column  headings  the 
same  as  in  Table  A-2. 

Table  A-4. 

Distances  in  centimeters  (as  measured  with  a 
Hensoldt  Measuring  Magnifier)  from  upper  edges 
of  student  base  lines  to  the  reference  crosses 
for  15  cm2  peaks  of  varying  shape . 

Table  A-§. 

Distances  in  centimeters  (as  measured  with  a 
Hensoldt  Measuring  Magnifier)  from  upper  edges  of 
student  base  lines  to  the  reference  crosses  for 

1.5  cm2  peaks  of  varying  shape. 

Table  A- 6. 

Student  measurements  in  centimeters  of  peak 
heights  for  15  cm2  peaks  of  varying  shape  and 
which  had  base  lines. 

Table  A-7. 

Student  measurements  in  centimeters  of  peak  height 
for  1.5  cm2  peaks  of  varying  shape  and  which  had 
base  lines. 

Table  A-8. 

Distances  in  centimeters  (as  measured  with  a 
Hensoldt  Measuring  Magnifier)  from  upper  edges  of 
lines  drawn  by  the  students  at  half  height  to  the 
reference  crosses  for  15  cm2  peaks  of  varying 
shape . 

Table  A-9. 

Distances  in  centimeters  (as  measured  with  a 
Hensoldt  Measuring  Magnifier)  from  upper  edges 
' of  lines  drawn  by  the  students  at  half  height  to 
the  reference  crosses  for  1.5  cm  peaks  of  varying 
shape . 

The  original  photographs  of  Tables  A-l  to  A  9  are  contained 
in  a  thesis  copy  held  by  the  Department  of  Chemistry. 
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I  L«C 
M.C 

WRITE  (6.5991 
CC  15  1-1, /SO 

'4  E  A .  (  5 , 1  CCC  I  PIKOD.OrERAT.STUXUOT  I  l.l-IH  II  I  l.wlOEIt  1  I.Mft/l  I  I. 

X„l(  EZI  I  I  .Hilt  II  I  I  ,W  ICE  M  I  I  .MTE4C  I  I  ,NU)t4l  |  I.MIU5T  I  I  .WIDEST  I  I  , 

XH  ITE6II I .WIDEST  II.  HITE7III.  WIPE  7111 
II  I  Sll  KCCI  I  I .(  (..01  00  l(  30 

WHITE  16.  I  CO  I  I  PEKUO.OPERAI .SICKUOI  I  I ,H| IEII I  I.WlDtl I  I I.HlTt/l  I  I, 
>.IDt.  I  I  I  .HITE  II  1  I..IUE  31  I  I  .HIIE4I  I  I  ,w  IUE4I  I  I.HIUSI  I  l.wloESI  I  I, 
XHITE6I I  I .WIDE  61  I  I ,HI TE /( IT .wIDETI 1 1 
L  •  L  ♦  1 

I  7  IH  I  TE 1  I  I  I .FQ.0.0 I  GO  TO  |4 
M.M.  I 

14  H  !)•  1. 0644*11 1  TE  II  I  )»W|DE  IT  I  I 

II  IHl  TE  II  I  l.Cu.O.Ut  Fill *0.  _  _ 

15  CONTINUE 
3C  CONTINUE 


CO  16  I ■ 1 . t 

36  WH  I  TE  I  6,  I  00/  I  I  I  I  I.  I 
FSU«*C.O 

_  CO  4C  l«l,L _  _ 

4C  FSUM.rSUM*!  I  I  I 

WRITE  (6.10031  M.l 
G«l SUH/FLCAT IN) 

WRIIEI6.1 C04 1  0 
OC  50  I  *  l ,  L 

HH>«ic-Fim»(o-F(i  i» _ 

5C  IF  III  I  l.ro.0.0)  HI  1 1*0. 

HSUM*C • 0 
OC  60  I  M.L 
60  W5UM=wSUM«hl I  I 

P-SCRTI  IHSUMI/ELOATIM-l I  1 
«R|TE  I  6 , I  CCS  1  P 
C-P/SCRT (2.0»FLCAT(M-l I  I 
WRITE  I6.1CC61  0 
WRITE  (6.1C07I  PEKOO 

60  TC  1 

999  FORMAT  I  IH 1 1 

ICCC  FORMAT  (A/.A3./X.I/.14F5.2I _ 

ICCI  ICRPAT  ITU  .A/.A3.4X.I/.14F7.31 

ICC/  FORMAT  I  IX, /OH  PHI  HXwS  PEAK.  ARE  A«  ,  F9  .  S,  6X  ,  I  3  1 
ICC  I  FORMAT  I  IX. /OH  MK1  HXWS  SAMP. SIZE*.  I  3, OX,  l/H  CAROS  READ*. 131 
ICG4  FORMAT  (1X.15H  PM  HXWS  MEAN*.  F9. 51 
1CC5  FORMAT  (IX, /OH  PM  HXWS  ST0.-DEV.*.F9.6l 
ICCt  FORMAT  I  lx, /OH  PM  HXW5  S  TO  .  tRRCR*.  F9 . 6  I 
ICCI  FORMAT  (1X.7H  PEKOO*, A/I 
END 
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2.5100 

2.5  ice 

2.5100 

2.5400 

2.5400 
2.54CG 

2.5200 

2.5200 

2.5200 

2.5200 
2.52C0 

2.5200 

2.5300 

2.5200 

2.5  300 
2.5 3C0 
2.52C0 

2.5200 

2.5200 
2.5CC0 

2. 5400 

2. 5300 
2.52C0 
2.5COO 

2.5200 


/Z 

1.2800 
t. 3000 
1.26CG 

1.2800 
1.29C0 

1.2900 
1.30CC 

1.2 900 

1 . 3000 
1 • 2800 
1 .28CC 

1 .2900 

1 .2800 

1 .2900 

1.2900 

1.2800 
1 .28C0 
1 . 29C0 

1.2900 

1.2900 
1 .2oG0 
1.2300 
1.2700 

1 .2800 

1 .2800 

1 .2900 

1.2800 

1.2800 

1.2800 

1 .2900 

1 .2900 

1 .2800 

1 .2900 

1.2600 

1.2900 

1.2800 

1.2800 

1.2800 

1.2800 

1 . 3000 
1.29C0 

1.2800 
1.2800 
1.2H00 
1.2600 

1.2800 

1.2900 
1.28C0 
1.29C0 
1.29C0 

1 . 3000 
1.280G 

1.2900 

1.2600 

1.2800 

1 .2600 
1 • 3000 
1.29C0 


0.5Z 

C. 6600 
C. 8800 
C. 8800 
C. 8700 
C.860C 
C . 3800 
C. 6800 
C. 3800 
C. 6900 
C. 8800 
C. 6600 
C.380C 
G. 8  700 
C • 8  700 
0.8900 
C. 8700 
C.68CC 
C.6800 
C. 3300 
0. 6900 
0.6800 
C. 6800 
0.6700 
C.6800 
0.8  700 
0.8800 
0. 6700 
0.6800 
C. o60C 
0.690C 
C. 8600 
C. 8600 
C. 8900 
0.6800 
0.8800 
0.6700 
C. 6  7C0 
C.6800 
0.6800 
C. 8700 
C. o  700 
C. 6900 
G. 8600 
C . 8600 
C. boOO 
0.6600 
C. 8  700 
C.6  700 
0.8700 
C . 6000 
C. 8800 
C. 8  700 
C. 8700 
C. «  700 
0.8600 
0.6600 
C. 8600 
C.bfcOO 


0Z7 

0.6500 
0. 6600 
0.6500 
0. 6600 
0.6500 
0.6*00 
0.6600 
0.6600 
0.6700 
0.6500 
0.6500 
0.6400 
0.6300 
0.6500 
0.6600 
0.6500 
0.6600 
0.6400 
0.6500 
0.6600 
0.6500 
0. 6600 
0.6300 
0.6300 
0.6300 
0.6500 
0.640G 
0.6500 
0.6200 
0.6200 
0.6*00 
0.6300 
0. 6o00 
0. 6300 
0.6500 
0.6400 
0.6>00 
0.6600 
0 • 6600 
0.6400 
0.6400 
0.6400 
0.6400 
0.6400 
0.6400 
0.6300 
0 . 6400 
0.6600 
0.6400 
0.6500 
0.6600 
0.6300 
0.6500 
0.6600 
0.6500 
0.6400 
0.6400 
0.6500 


0  089 

0.3700 
0.  loGO 
G. 3600 
0.3700 
0.3600 
0. 3700 
0.3700 
0.3700 
0. 3600 
0. 3600 
0* 3660 
0. >600 
0.3600 
0 . 3600 
0.36O0 
G. 3600 
C . 3600 
0. 3300 
0.3600 
0.3800 
0.3700 
0.3700 
0.3600 
0.3700 
0. 3400 
0. 3600 
0. 3600 
0. 3700 
0. 3500 
0. 3600 
0. 3600 
0. 3500 
0. 3700 
0. 3600 
O. 35o0 
0. 3600 
0. 3600 
0. 3700 
0. 3 /GO 
0.3600 
0. 3600 
G • 38^0 
0. 3400 
0.3SU0 
0. 3500 
0. 3300 
0. 3560 
0. 3700 
0.3500 
0. 3600 
0. 3600 
0. 3500 
0. 35uO 
0. 3600 
0.3500 
0. 3300 
0. 3600 
0. 3600 
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W  35 

IS 

4  6 

1.2 

0  52 

077 

C.06r< 

C.I«6C 

c.ucc 

C.UCC 

c.ceec 

0.0960 

0.0700 

0.0260 

C.lttt 

c.ucc 

C.102C 

C.C9CC 

0.09*0 

0.0660 

0.0*20 

t.l«*C 

C.ucc 

C.UCO 

0.C92C 

0.1*60 

0.0500 

0.0660 

c.uec 

C.U2C 

C.10CO 

C. C  720 

0.1120 

0.06*0 

0.0500 

c.ucc 

C.UCC 

c.ucc 

0.1C2C 

0.1 >00 

0.0520 

0.05*0 

C.1K( 

C.U2C 

C.uco 

G.CVCC 

0.1260 

0.0*60 

O.OCCO 

c.uec 

c.ucc 

C.108C 

0.1060 

0.1320 

0.05*0 

0.0320 

c.ucc 

C. 1 920 

c.ucc 

O.IOCC 

0.1220 

0.05*0 

0.0500 

C • c 

t  •  nw 

C.uco 

6.07*0 

0.1 1W;  370«l T“ 

7370/26  '  - 

c.ietc 

C.UCC 

0.1060 

c.ceec 

C.C9C0 

0.06*0 

0.05*0 

t.lMl 

C.U2C 

c.ucc 

C.C9CC 

0.1060 

0.06*0 

O.OCOO 

C.UCC 

C.U20 

0.1120 

0.102C 

C.UOO 

0.0520 

0.05C0 

c.ucc 

C.  1  380 

0.0080 

0.C9CC 

C.UOO 

0.0180 

0.0*80 

c.ucc 

C .1820 

c.uec 

C.ICOC 

0.12*0 

0.0600 

O.OCCO 

C.U2C 

C.U8C 

c.uco 

C.C80C 

0.09*0 

0.0720 

0.0360 

C.18CC 

C.U60 

c.uco 

0.1080 

0.1120 

0.C5C0 

0.0500 

C.UCC 

C.UCC 

C.09C0 

O.ICOO 

0.1120 

0.0520 

0.0*60 

C • i 22 L 

C.1C20 

C.C860 

C.U2C 

C.IOCO 

87 rar 

O.OeOC 

C.  1 S6C 

0.1C20 

C . 1320 

0.08CC 

0.1200 

0.0660 

0.05*0 

C.liCC 

C • 1220 

C.UCO 

c.oecc 

0.1100 

o.occo 

o.ocno 

c.nec 

C.1C60 

C.09C0 

0.0900 

0.1060 

0.0520 

o.ocoo 

c.ucc 

C.UOO 

c.uec 

c.ceec 

0.1160 

o.ocoo 

o.occo 

c.csec 

C . 1220 

C. 1260 

0.1100 

C.0900 

o.occo 

0.0700 

c.ucc 

C. 1220 

C.1000 

0.1160 

C.UCO 

0.0600 

0.0620 

e.uac 

C.ICOO 

c.ucc 

O.IOCC 

c.uec 

0.0580 

0.0620 

C  •  1 2 CC 

c.ucc 

c.iccc 

0.1100 

C.  1080 

0.05C0 

0.0600 

c.uec 

C.IC8C 

C.C780 

0.1120 

0.1 3*0 

0.0620 

0.0*00 

C.U4C 

C . 1 $80 

c.uec 

0.0980 

0.12C0 

0.0 3*0 

C.0C20 

c.ucc 

c.ucc 

c.ceec 

0.1I2C 

0.1060 

0.0560 

0.07*0 

C.UCC 

C.1CC0 

C.10C0 

c.csec 

0.1000 

O.OCCO 

0.0600 

C.UCC 

C.UOO 

C.ICCC 

0.120C 

0.1300 

0.0580 

C.06CC 

C.152C 

c.ucc 

0.0760 

0.C960 

0.1080 

0.0720 

0.0560 

C.U2C 

C.U6C 

C.UCO 

0.0920 

0.1060 

0.07C0 

0.0360 

C.U2C 

C.UOO 

C. 1120 

C.07CC 

C.0900 

0.05*0 

0.0320 

C.UCC 

0.U2O 

c.ioco 

C. 1060 

C.0960 

0.0620 

0.06*0 

C.UCC 

C.  1320 

C. 1320 

C.C680 

O.ICOO 

0.0560 

0.05*0 

C.172C 

C.13C0 

C. 1120 

0.0620 

C.1G60 

0.05*0 

0.0220 

C.I22C 

c.uco 

0.1020 

0.1200 

0.1220 

0.05*0 

0.0620 

C.UCC 

c.uec 

c.uco 

O.CGCC 

0.0900 

0.0620 

O.OCCO 

C.1CCC 

C. 1520 

0.1080 

C.C9CC 

C.l 160 

O.OCCO 

0.0620 

C.I7CC 

C.1C80 

c.ioco 

C.C9C0 

0.09*0 

0.07C0 

0.0300 

C.ucc 

C  .  1 320 

C.IOCO 

0.0660 

O.ltCO 

0.0560 

O.OCCO 

c.ucc 

C.  12*0 

C. 1260 

0.1260 

0.1200 

0.0300 

0.0660 

C.UCC 

C.17C0 

0.1060 

0.0580 

0.11*0 

0. 0600 

0.03*0 

C.UCC 

C.UOO 

C.1C2C 

C.C86C 

0.1080 

0.07*0 

0.0*80 

c.ucc 

C.U6C 

0.1100 

0.0960 

0.1100 

0.07C0 

0.0220 

C.UCC 

C. 1 180 

0.0960 

0.1020 

0.1260 

0.0580 

0.0580 

C.UCC 

C.U80 

C .07  *0 

0.06C0  0.1100 

0.06C0 

0.056G 

C.UCC 

c.uco 

c.ucc 

C.C900 

0.1320 

0.0560 

0.0780 

C.1C8C 

C.130C 

0.1180 

O.ltOC 

0.1120 

0.0320 

O.OCCO 

c.ucc 

C. 1 380 

C. 1080 

0.09*0 

0.1020 

0.08*0 

O.OCOO 

c.ucc 

c.uco 

C.IOCO 

0.C900 

C.IOCO 

0.0500 

0.02*0 

C.U2C 

C.U20 

C. 1080 

C . 0780 

C.ICOO 

0.0560 

C.03C0 

c.nec 

C.UCO 

C.ICCO 

0.0760 

C.1U0 

0.0600 

0.0300 

c.ucc 

c.uco 

c.uco 

0.1020 

0.1100 

0.0720 

0.0500 

C.  U2C 

C .1360 

C.08CO 

O.ICOO 

o.uao 

0.CC20 

0.0600 

C.ucc 

C.1S20 

C.IOCO 

0.09*0 

0.0920 

0.06*0 

O.OCCO 

C.UCC 

C.UOO 

c.uec 

O.IOCC 

o.uco 

0.0660 

0.05C0 

C.UCC 

C.lliO 

C. 1060 

o.uao 

0.1100 

0.0  3C0 

0.0500 

C.12CC 

C. 1560 

c.ioco 

0.0920 

O.UCO 

O.OCttO 

0.07C0 

C.I12C 

C.UCO 

G. 1060 

0.1160 

0.0*20 

0.0520 

0.06*0 

C.UCC 

C.1380 

0.0860 

0.09C0 

0.1160 

0.06*0 

0.02C0 

_ c.iuc 

C  .  1 7  00 

C.II20 

C.0720 

0.1120 

0.0820 

0.0280 

C.17CC 

c.uco 

C. 1060 

0.C620 

0.0900 

0.086C 

0.0380 

C.UCC 

C.UOO 

0.1000 

C.IOCO 

0.1160 

0.0560 

0.06C0 

c.uec 

C . 1360 

C.  1280 

0.0860 

0.1260 

0.0260 

0.05*0 

C.J38C 

C.1C80 

C.IOCO 

C.C6CC 

0.1220 

0.0C20 

0.0580 

c.ucc 

C.UOO 

C.C960 

0.0860 

o.tcco 

0.05*0 

0.0300 

C.I52C 

C • 1 720 

C.IOCO 

0. 1060 

0.1200 

0.0620 

0.0680 

C.U2C 

C.1C60 

0.10C0 

C.C980 

0.1160 

0.0*80 

0.0520 

c.ucc 

0.1300 

O.ltCO 

C • C66C 

0.0900 

0.0620 

C.072O. 

C.ucc 

0.1580 

O.IMO 

C.IOCO 

C.ICOO 

0.0500 

0.03C0 

C.U2C 

C .  1 160 

0. 1060 

C.66CC 

0.1100 

0.0560 

O.fMAO 

c.ucc 

C.UOO 

0. 1060 

0. 1020 

C.UOO 

0.0500 

0.05*0 

C.U6C 

0.U80 

0.1020 

C.IOCO 

c.uoo 

0.03*0 

0.0*20 

c.ucc 

C.UCO 

C.UCO 

O.UOC 

c.tuo 

0.0*20 

0.0720 

C.UCC 

C.15C0 

0.1350 

0.0780 

C.OoOO 

0.0320 

O.OCOO 

C.  ICBC 

C.UCO 

0.07C0 

0.C560 

C.0560 

0.C600 

0.0660 

C.U2C 

C.UCO 

C.UCO 

C • C66C 

0.1320 

0.0560 

0.0*60 
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*.,*  -35 

15 

4.8 

1.2 

052 

0  27 

0  069 

C.C16C 

C.C02© 

C .0  720 

0. 1340 

C.0820 

O.U0*o 

c.Ooti 

C.114C 

e.cter 

C.C980 

0. 1 J2C 

C .0040 

1.0900 

C .0*00 

C.C52C 

C.CfifeO 

C.C6CC 

C.09dC 

C.0720 

0.0801 

l  .w.. 

C.C7CC 

o.csoc 

C.07C0 

0.1240 

0.0840 

0.0620 

C  .0/0*. 

C.C72C 

C.C 760 

C.068C 

U. 1040 

C.U/8u 

0.07*0 

0.0*40 

C.IC8C 

0.C660 

C.C9C0 

C.I24C 

0.0760 

0.04o0 

C .0>oo 

C.C ?4C 

C.C400 

C.C9C0 

C.C920 

C.0820 

0. 1C40 

C.O*0C 

C.C6CC 

C.CB6U 

C.C6C0 

C. ICOO 

C .0  700 

0.096O 

0.0t>2v 

C.C54C 

C.C680 

C . 1040 

C. 1060 

0.08CC 

U.C920 

0 .0700 

C.CtfcC 

C.C920 

C.07CO 

C.C64C 

C.0800 

o. 0900 

0.07*0 

C.CS6C 

C .C  360 

C  •  1 040 

C. 1020 

C.0800 

C.0860 

t  .0 

c.cscc 

C.C620 

C.C  760 

C.112C 

C.0900 

U.080C 

C  •  Oo4* 

C.C78C 

o.csoc 

C .0640 

0.1C0C 

C.0740 

0.0780 

C.0800 

C.CS2C 

C.C580 

C.C64U 

0.094C 

0 .0760 

0 • 0900 

0.0920 

C.C76C 

C.C940 

C.0840 

0. 1240 

0.0860  0.0600 

0.0o4u 

C.CS2C 

C.C840 

C.C74G 

0.0980 

0.0620 

0.09*0 

0.0/00 

C.C96C 

C .C  740 

C.C920 

0. 1060 

C.0820 

J.0760 

0.0/40 

C.C76C 

C .C  700 

C.C920 

C.llOO 

0.0840 

O.ObaO 

0.0820 

C.CBCC 

0.C920 

C .0640 

C.C84C 

C .0  780 

0.09*0 

0 .Oo Jo 

C.C56C 

C .C  720 

C.0720 

0.C780 

C.0800 

0.07*0 

0 .0800 

c.ceec 

C.C660 

0.0940 

0. 13C0 

C.0900 

0.0660 

0.0  Zoo 

C.CTCC 

C .C  760 

c.caoc 

C. 1 360 

0.0740 

0.1080 

C.0/4C 

C.C36C 

C.C760 

C.0740 

C.C96G 

C.C980 

0.C940 

0.0700 

c.ceec 

C.C  700 

C.C9C0 

0.098C 

0.0920 

0.0660  0.0820 

C.C7CC 

C.C580 

C.C7C0 

C.C94C 

C.C720 

0. ICOO 

0.0/60 

C.CfcfcC 

C.C800 

C.C760 

C.C04C 

0.0800 

0.C940 

C.  1020 

C.C72C 

C.C900 

C. 0780 

C. 1060 

C.C  700 

0.0880 

0.074* 

C.C64C 

C.C800 

C.064C 

0.1060 

C.OSOO 

0.0940 

0.C660 

C.C8CC 

C.C620 

C.  1220 

C. 1080' 

C.0820 

0.0880 

0.CO40 

C.C26C 

C.C440 

C . 0800 

C.I02C 

0.0940 

0.0600 

0 . 0 i*0 

C.C62C 

C.C660 

C.0S60 

c.1040 

0.0740 

0. 1 040 

0.061)0 

C.C84C 

C.C80C 

O.IOCO 

0.1160 

C.0780 

0.0620 

0.0*00 

C . C  84C 

C.C  7*0 

C.ObttO 

0.0960 

C.086O 

0.0800 

0.0/60 

-  -  * 

C.C42C 

C.IC20 

C.08C0 

C.ICOO 

0.0660 

0.0840 

0.0*00 

C.C72C 

C.C660 

C.0740 

0.1140 

0.0700 

0.0960 

0.0620 

C  .C54C 

C .C  740 

C.C920 

C. 0840 

0.0600 

0.0620 

<i.0»6u 

C.C86C 

C.C620 

0.I1CC 

0.1260 

0.0620 

0.1220 

I'.OoUO 

C.C72C 

C.C820 

C.08C0 

0.0940 

0.0820 

0.09*0 

o .0**0 

C.C7CC 

C .C  760 

0.1060 

0.1140 

0.0800 

0.0760 

0.0*0* 

C.IC2C 

C.C820 

C.C940 

C.I120 

0.0880 

0.0040 

0.0*80 

c.ctcc 

C .C  760 

C.07C0 

C. 1040 

C.C920 

0. 0900 

0.0460 

C.C7CC 

C.C700 

0.C840 

C. 0960 

C .0660 

0.  1041 

0.06*0 

c.cscc 

C.C560 

C.C980 

0.1 30C 

0.0800 

0.0720 

0.0 74C 

C.C96C 

C.C900 

0.0800 

0.1160 

0.0780 

0.0720 

0.0700 

C  •  1  ccc 

0.1160 

0.0860 

0.  1060 

0.0660 

0. 1020 

t  .Uto* 

C.C6CC 

C.ICOO 

C.0640 

0.0980 

0.0720 

0.0900 

0.0o*u 

c.cttc 

C .0800 

0.0800 

0.1120 

0.0920 

0.0960 

0.0620 

C.  |(CC 

C.IC20 

0.1200 

C.096G 

C.0900 

0.0800 

0,09*0 

c.catc 

0.C960 

C.0820 

0.1000 

C.0760 

0.0600 

0.0/60 

C.CB2C 

C .0780 

0.0700 

0.116b 

C.0660 

0.0840 

0.0680 

C.CfcCC 

C.C40O 

0.0880 

0. 1060 

C.0900 

u.r  1JC 

i  .  0  <ui. 

C.C82C 

C.C800 

C.0860 

C.  1 220 

0.1060 

0.0860 

0.0860 

C.C86C 

C.CT6C 

C.096C 

0.1100 

C.0960 

0.0920 

0.0*00 

o. 102C 

0.C660 

0.0940 

0.1120 

0 .0940 

0.0800 

i  .  , 

C.C  78C 

C.C820 

C.0880 

0.1200 

0.0880 

0.0780 

0.074U 

C.C92C 

0.C760 

0.0940 

0.1)20 

0.0920 

0.0020 

0 .0600 

C.C44C 

C.0820 

0.0700 

0.0900 

C.07GO 

U. 1060 

0.04**' 

_ 

G.C84C 

C.C620 

0.0860 

0.1240 

0.0660 

0.0620 

0.0*20 

IX 


TABLE  A- 10. 


Standard  deviati  ons  in  centimeters  of  student 
measurements  between  parallel  lines  of  different 

valSeSisrthe  £*7?  dj;fferent  backgrounds.  Each 
students  Salt  of  measurements  by  about  25 


Ink  Color 


Black  Dark  Blue 

On  white  tracing  paper: 
0.007  0.013 

On  recorder  chart  paper: 
0.010  0.007 


Bright  Green 


0.009 


0.009 


Orange -Red 


0.011 


0.012 


TABLE  A- 11. 


Standard  deviations  in  centimeters  of  distances 
from  upper  edges  of  lines  drawn  by  the  students 
at  half  height  to  the  reference  crosses  (from 
data;of  Tables  A-8  and  A-9). 

h/w0.s  35  15  4.8  1.2  0.52  0.27  0.089 

1 . 5  cm2 

* 

0.0190  0.0154  0.0146  0 . 0140  0.0116  0.0129  0.0131 

15  cm2 

0.0173  0.0164  O.OI56  O.OI63  0.0167  O.OI.51  0.0160 


r  ^ 


TABLE  A- 12. 


Percent  relative  standard  deviations  in  peak 
areas  from  which  Figure  11  was  plotted.  The 
observed  values  are  the  standard  deviations  (with 
standard  errors  in  brackets)  of  the  areas  obtained 
from  the  data  of  Tables  A-2  and  A-3.  The  calcu¬ 
lated  values  are  those  obtained  from  the  data  of 
Table  4  by  use  of  Equation  39. 

h/wo.5  =  35  15  4.8  1.2  0.52  0.27  0.089 

Relative  Standard  Deviation  in  Area  {%) 

1.5  cm5 


)bserved  3.88 
(±0.40) 
alculated  3.80 


Observed  1.32 
(±0.10) 
Calculated  1.21 


2.76  2.39 

(±0.28)  (±0.25) 
2.64  1.98 


0.78  0.59 

(±0.08)  (±0.05) 
0.84  0.64 


2.58  3.16 

(±0.27)  (±0.33) 

2.67  3.54 

15  cm2 

0.74  1.30 

(±0.06)  (±0.10) 
0.95  1.43 


4.68  9-15 

(±0.48)  (±0.93) 

4.85  9.20 


1.6l  3.23 

(±0.12)  (±0.25) 

1.67  3-42 


. 


■  II  '■ 


TABLE  A-13. 


Percent  relative  standard  deviations,  with 
standard  errors  in  brackets,  of  areas  of  different 
shaped  peaks  determined  by  trained  students  who 
measured  the  peak  widths  at  various  fractional 
heights  r  with  the  aid  of  a  plastic  chart. 

Each  determination  represents  the  measurements 
of  from  12  to  19  students. 


Peak 

Shape 

=  35' 

15 

4.8 

1.2 

0.52 

0.27 

0.089 

(h/w0 . 

s  ) 

> 

Peak  Area  1.5  cm 

3 

• 

r 

0.50 

6.2 

4.4 

3.4 

2.2 

4.6 

4.3 

10.1 

(±1.1) 

(±0.9) 

(±0.7) 

(±0.4) 

(±0.9) 

(±1.0) 

(±2.0) 

0.25 

5.0 

4.5 

2.1 

2.5 

3.2 

2.8 

6.6 

(±0.9) 

(±1.0) 

(±0.4) 

(±0.5) 

(±0.6) 

(±0.6) 

(±1.3) 

0.10 

4.2 

2.3 

2.3 

4.0 

5.1 

6. 1 

5.3 

(±0.8) 

(±0.5) 

(±0.4) 

(±0.8) 

(±1.0) 

(±1.4) 

(±1.1) 

Peak  Area  15  cm2 

0.50 

2.8 

1.8 

0.6 

0.8 

1.3 

3.0 

3.1 

( ±0 . 5) 

(±0.3) 

(±0.1) 

(±0.2) 

(±0.3) 

(±0.6) 

(±0.6) 

0.25 

3.0 

2.2 

0.8 

0.9 

l.l 

2.3 

6.2 

(±0.6) 

(±0.4) 

(±0.2) 

(±0.2) 

(±0.3) 

(±0.5) 

(±1.2) 

0.10 

2.6 

'2.4 

0.5 

1.2 

i.5 

3.0 

4.0 

(±0.6) 

(±0.5) 

(±0.1) 

(±0.2) 

(±0.3) 

(±0.6) 

(±0.8) 

• 

